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Introduction. 



This thesis can be seen as a first step towards defining a Floer homology 
for the singular connections studied by Kronheimer and Mrowka in their work 
on the structure of Donaldson's polynomial invariants JKMJ . By investigating 
certain spaces of connections on a homology three-sphere which are singular 
along a knot, such a Floer homology would provide possibly a new invariant 
for the knot. We will first briefly recall the key ideas of the classical instanton 
homology defined by Floer | FT for a homology three-sphere and describe the 
singular connections considered by Kronheimer and Mrowka. We will then 
present the content of the thesis. 

Floer homology is obtained by applying an infinite-dimensional version 
of Morse theory to the Chern-Simons functional defined over the space of 
connections in a principal bundle (with e.g. structure group SU(2)) over 
a closed, oriented, three-manifold M. The set 1Z of critical points of this 
functional are the flat connections and the gradient-flow lines correspond to 
anti-self-dual connections over the cylinder Mxl. After generic perturbation, 
the critical points form a finite set of isolated connections. The index of the 
critical points is always infinite, but it is nevertheless possible to define a 
relative index between two critical points by the spectral flow |[APS|| of the 
Hessian of the Chern-Simons functional. After dividing by the action of the 
gauge group, this spectral flow is well-defined modulo 8. It follows that the 
free abelian group R generated by the set of critical points is Z/8-graded. If 
we consider two critical points a and (3 with consecutive gradings, the space of 
flow lines starting from a and arriving at (3 is generically a zero-dimensional, 
oriented, compact manifold, i.e. a finite set of signed points. Counting those 
flow lines as in classical finite-dimensional Morse theory yields a boundary 
map 5 : R —>■ R, and Floer proved that 5 2 = by analyzing the ends of the 
spaces of flow lines. Thus, one gets an invariant for the manifold M in the form 
of 8 homology groups HF*(M) = kerS/imS. Floer homology is a basic tool in 
computations of Donaldson's polynomial invariants jDKfl for four-manifolds , 



see e.g. ||MMHf| , 031 ■ 

On the other hand, Kronheimer and Mrowka ||KM|| developed a gauge 
theory for a surface £ embedded in a four-manifold X. They study spaces of 
ASD connections on X singular along E, but whose holonomy around small 
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loops linking £ is asymptotically fixed by a parameter a £ (0, |). They then 
define a numerical invariant similar to Donaldson's polynomials. They use 
that invariant to establish certain constraints on the genus of E, which are 
reminiscent of the adjunction formula for curves in complex surfaces. 

The first chaper of this thesis starts by recalling the set-up introduced in 



KM|| and some results obtained there regarding the moduli spaces of singular 
ASD connections. The analysis in | |KM ] is based on orbifold techniques. They 
put an orbifold metric with a sharp cone-angle — , v £ Z + , around S, and start 
from a rational holonomy parameter a = -, p £ Z + . They then use a trick from 

L)S|| to change the metric back to the round metric. An estimate based on 



a Weitzenbock formula is used to change the holonomy parameter to any real 
value of a within a certain compact interval of (0, |) determined by v. Instead 
of orbifold techniques, we use the theory of elliptic edge operators developed 
in |Ma|l and summarized in the appendix to this thesis. Edge theory has 
the advantage that one can work directly with any sharp enough cone-angle 
and any real value of the holonomy parameter a. This in turn allows one 
to write down an explicit global Coulomb gauge-fixing condition, something 
which doesn't appear in ||KM|| . Another problem with the orbifold techniques 



is that the estimate which allows one to go from a rational value to any real 
value of a is based on the fact that the four-sphere, used as a local model, 
has positive Ricci curvature. That positive Ricci curvature assumption cannot 
be made when one works with manifolds with cylindrical ends. Hence, the 
perturbation argument for a does not carry over and this is why one really 
needs another analytical theory. The last section of chapter 1 carries out some 
more edge analysis which will be used in the subsequent chapters. 



In the second chapter, we first show how to adapt the setting of ||KM 
to study singular three-dimensional connections. We then show how to de- 
fine a Chern-Simons functional CS a for singular connections. As usual, the 
critical points of the Chern-Simons functional are flat connections and the 
gradient-flow lines are singular ASD connections. The last section of chap- 
ter 2 computes the kernel of the Hessian of CS a at a critical point, which 
yields a topological condition for determining when a singular flat connection 
is isolated. This computation is in fact the Hodge-de Rham theory of singular 
flat connections. The chapter ends with a word about perturbations of the 
Chern-Simons functional. 

Chapter 3 treats the case of singular connections on manifolds with cylin- 
drical ends. After establishing the set-up, we study the local models on the 



ends. The analysis is reminiscent of |[LM|| and relies on the results obtained at 



the end of chapter 1. It is also here that the trick of changing the conformal 
strucure from [pSf] is used. The global theory of moduli spaces of ASD singu- 
lar connections is then presented. The chapter ends with a few index formulae 
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for gluing and changing gauge, which show that an analogue of Floer's grading 
function can be defined for singular flat connections. However, in this case, 
the grading function is 4-periodic, not 8-periodic. 

The thesis ends with a few comments regarding the work that remains to be 
done to define a Floer homology and a couple of conjectures regarding possible 
relations between that putative Floer homology and other gauge theories for 
knots. 

There is an appendix which contains a summary of the theory of elliptic 
edge operators. Moreover, the theory is there extended to L p -spaces and a 
number of results regarding elliptic estimates for the operators arising in the 
thesis are presented. 



CHAPTER 1 



Four-dimensional Theory. 



This chapter deals with the theory of anti-self-dual connections on a 4- 
manifold which are singular along an embedded surface. The first section 
recalls the set-up developed by Kronheimer and Mrowka |[KM]| to study the 
moduli spaces of such connections and states some of the results they obtained 
(dimension of the moduli space, Chern-Weil formula, etc.). The second sec- 
tion develops a slice theorem for the action of the gauge group on the space 
of singular connections. The analytical techniques used in that section involve 
the theory of elliptic edge operators developed in |Ma| . The reader who is 
not knowledgeable about edge theory will find a summary in the appendix to 
this thesis. The last section is an analysis of certain twisted Laplacians cor- 
responding to singular connections on differential forms. The results obtained 
there will be useful in chapter 2 to study the Hodge-de Rham theory of flat 
singular connections on 3-manifolds and in chapter 3 to develop the moduli 
theory of singular connections on manifolds with cylindrical ends. 



1. Set-up. 

This section recalls a number of facts from Kronheimer and Mrowka's ar- 
ticle ||KM|| for SU (2) connections on a 4-manifold X, singular along a surface 
S. It recalls the set-up they developed and some of the results they obtained 
regarding the moduli spaces of singular anti-self-dual connections. 



1.1. Basic definitions. Let X be a smooth, closed, oriented 4-manifold, 
endowed with a Riemannian metric. Let £ be a closed, oriented embedded 
surface of genus g and v the normal bundle of £ in X. Using the exponential 
map given by the metric on X, we identify a small disk bundle of v with a 
closed tubular neighborhood iV of S. Let r be the variable defined by the 
distance from the zero section in v. 

Let £ be a SU(2)-bund\e over X; we take an abelian reduction of E over 

N 

(1) E\ N = L®L-\ 

where L is a ?7(l)-bundle on N. 
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Define the two topological numbers 

k = c 2 (E)[X], 

I = - Cl (£)[£]. 

Let A be a connection on E, which respects the splitting (0), i.e. which 
is abelian on N. Now, dN is a circle bundle over E, for which we choose a 
connection 1-form it]. Let 7r : iV \ E — > <9iV be the radial projection. Then 
7r*r], which, by abuse of notation, we will also denote rj, is an angular 1-form 
on N. As in ||KM|| , define a "background" connection on the restriction of E 
to X\E by 

(2) A a = A + i(3(r) (° rj, 

where a G (0, \) and (5 is a cut-off function equal to 1 near 0. By construction, 
A a also respects the splitting (|]) over N. The holonomy of A" around a small 
loop linking E tends to 



(3) 



g2i7ra 



as the loop shrinks towards E. 

Let Qe denote the adjoint bundle of E. We denote by L p Aa the Sobolev 
spaces defined with the adjoint connection of A a on X\E on sections or forms 
with values in EndE or Qe- 

For p > 2, define the space of singular connections 

(4) A a ' p (X,E) = A Q + L^(n 1 (X\E; 0£ )) 
and the corresponding space of gauge transformations 

(5) £ P (X,E) = {g G Aut(E) | g G L^ Aa (X\Y, ; EndE)}. 

For reasons that will be recalled later, Q p is independent of a. 

The space Q v is a Banach Lie group, acting smoothly on A a,p . The Lie 
algebra of Q P (X, E) is \ E, g^). The resulting quotient is denoted 

23 a ' p (X,E) = ^l a 'P/^. The subspace (B a ' p )* of £ a ' p consisting of irreducible 
connections is a smooth Banach manifold. We will give a new proof of this 
fact, by constructing an explicit slice for the action of the gauge group, see 
section |2|. 

We define 

M«f (X, E) = {[A] G B**(X, E) | FX = 0} , 
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to be the moduli space of singular anti-self-dual connections. The deformation 
complex for the anti-self-duality equation is 

(6) 







4 



Kronheimer and Mrowka [ KM| | show that the index of this complex, that is 



the formal dimension of the moduli space M£f, is given by 

(7) d ki i = 8k + 4l- 3(bt(X) - h{X) + 1) - (2g - 2). 

They also show that M£f is independent of p for p close enough to 2, and that 
for a generic metric on X, this moduli space is cut-out transversely away from 
the flat connections, and is smooth away from the reducible or flat connections. 

We will also need the Chern-Weil formula for singular connections in A a 



KM| , proposition 5.7] : 

^ / tr (Fa A Fa) = k + 



2al - a 2 E ■ E. 



1.2. Cone-like metrics. As in |[KM||, the analysis for the L® 2 component 



of the adjoint bundle qe near the surface E will be carried out by putting a 
cone-like metric around E. In IIKMII, the authors restrict themselves to cone- 



angles which are divisors of 2tt, in order to use orbifold analysis techniques. 
Instead, we will consider general real cone-angles, and use the theory of edge 



differential operators developed in ||Ma|1 , as presented and slightly extended in 
appendix |A[ 

We 



The way to construct such a cone-like metric is presented in [KM 



are using the notations introduced in Let g be the metric on X, and g-% 
the metric induced on E. Let p : v — >• E be the natural projection. Then, the 
metric 

g e = (1 - (3{r/e))g + f3{r/e){fg^ + dr 2 + r 2 V 2 ) 

can be made as close as we want to the metric g in the C°-norm, over X\E, by 
letting e — > 0. A cone-like metric g e with cone-angle ^2ir around E, is defined 
by: 



9c 



'l-P{2r/e)% + P{2r/t 



(p*gv + dr 2 +(2)V V 2 \ 



The norms defined on L p -spaces from the different metrics g, g € and g e are of 
course different, but since these metrics are comparable, they will be equiva- 
lent. 

Those different metrics yield different conformal structures on X\E. As 
explained in detail in [OS], there is a simple way to understand how a change 
in the conformal structure of a four-manifold affects the space of anti-self-dual 
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2-forms. Given a background metric on a four-manifold, with self-dual space 
A + and anti-self-dual space A~, the anti-self-dual space for another metric will 
be given by the graph of a unique linear map 

fi : A~ -> A + , 



the operator norm of which is pointwise everywhere less than 1. As in ||KM 



it is straightforward to compute that the change in the conformal structure 
from g e to g e will be given by a map /i supported on an ^-neighborhood of £ 
and such that 

. . , kIol — 1 k — a 

(9) // < ~ L r — - = — — 

K/a + 1 k + a 

pointwise. Since the metrics g e and g can be made as close as we want, changing 
the conformal structure from g e to g entails a map fi with a bound only slightly 
bigger than the one given by (01), i.e. 



(10) 

where 6 



< 



a: 



+ 6. 



as e 



k + a 

0. From now on, we'll drop the subscript e. 

It is also possible to change the cone-angle from - to ^j, k' < k. In that 
case, the corresponding \i map satisfies the bound 



H < 



K 



K + K 1 



Finally, we record the following fact regarding the Hodge star operator * 
in the cone-angle metric : 



(12) 



* G 



oo 

f|-Lr(X\S;EndA*), 



where the spaces are defined with the Levi-Civita connection corresponding 
to the round metric. 



1.3. Function spaces. We recall here a number of facts regarding the 
function spaces L p k Aa introduced in |iTT| . Let F be any vector bundle over X, 
and let V be a connection on F. We extend the distance function r smoothly 
to a function that takes the value 1 on X\N. Then, as in ||KM||, we define 



W%(X] F) as the completion of the space of smooth sections of F, compactly 
supported on in the norm 



(13) 



1*11 w* 



+ 



+ 



+ IIV^I 



V 



In fact, | KM , lemma 3.2] shows that 

w* = r k V n r k ~ 1 L p 1 n • • • n L p k 



s 
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We need to know what those spaces are in terms of the edge Sobolev spaces 
introduced in appendix [A|, to which we refer for notation. Let X — > X be 
the blow-up of X along the submanifold E in the category of real, oriented, 
smooth manifolds. By this, we mean that we introduce local polar coordinates 
around E and declare them to be non-singular. Actually, X is diffeomorphic 
to X \ int N, but not in any natural way. The manifold X is compact with 
boundary dX. The boundary dX is naturally a circle bundle over E, and this 
is the edge structure we will consider. We pull-back the bundle F to X. Then, 
we have : 

Proposition 1.1. W%(X;F) is naturally isomorphic to r k ~ 1/p W p ' k (X; F) . 

Proof. Since X and X are compact, we can work locally in a product 
neighborhood U of a small open subset of E. Hence, we can assume that the 
bundle F is trivial and that the metric on X is euclidean. Let (s, t) be local 
coordinates on E n U extended to U, (x, y) local coordinates on the directions 
normal to E and (r, 9) the polar coordinates corresponding to (x, y) . The 
volume form on X is given by dVolx = ds A dt A dx A dy = ds A dt A dr A rd9. 
Since we are working locally, it is no restriction to assume that the coordinates 
(s, t, r, 8) are orthonormal on X so that its volume form is given by dVol^ = 
ds A dt A dr A d9 = ~dVol x . This shows already that L P (X) = r^L^X). 

Now, still by compactness, it is no restriction to take the connection V to 
be trivial over U. Hence, in polar coordinates, it acts as 

Vf = —ds + —dt + —dr + -—rdB. 

as at or r 06 

Since {ds, dt, dr, rd8} form a local orthonormal frame for £l x (X) and {rd s , rd t , rd r 
generate V e {X) locally, this shows that Wf{X) = r^^Wf^X). The propo- 
sition for k a non-negative integer follows by induction and the Leibniz rule, 
noting that ds, dt e C°°(U) and that 



dr,rd6 e f)-L™{U). 



o 



For general real values of k, use duality and interpolation. □ 

Recall that, on a tubular neighborhood iV of E, we have fixed a splitting 
E = L © L^ 1 . Therefore, near E, the adjoint bundle Qe splits as zR © L® 2 . 
We refer to z'R as the diagonal component of Qe near E and to L® 2 as the 
off-diagonal component. Remark that near E, the connection V A a is trivial 
on the diagonal component. 

In [[KM] , proposition 3.7], it is shown that L p kAa consists of sections or 



forms that are in L v k (X), but whose off-diagonal components lie in W k (X). 
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Therefore, the space A a consists of connections of the form A a + a, where 
a G L?(n 1 (X; q e )) and the off-diagonal component of a lies in Wf (fi 1 (L® 2 )) 
near S. The space of gauge transformations Q p consists of Lf-sections of 
Aut(E) whose off-diagonal component lies in W^L® 2 ) near S. Note that 
this shows why the gauge group is independent of the holonomy parameter 
a. It also follows that the Lie algebra of Q p is given by the space of sections 
u G L^X-jQe) whose off-diagonal component lies in W%{L® 2 ) near E. 

From now on, we will denote the spaces L p kAa by L p , emphasizing that 
they are independent of a. The usual Sobolev multiplication and compact 
embedding theorems hold for the L\ spaces, as explained in ||KM| , lemma 3.8]. 
One just needs to consider things component by component and apply the 
usual theorems for unweighted Sobolev spaces. 



2. A slice theorem for singular connections. 

This section develops a Coulomb gauge conditions for singular connections. 
This yields a slice theorem for the action of the gauge group, endowing £>* with 
the structure of a smooth Banach manifold. An important point here is that 
the slice is given by the kernel of a differential operator, in fact the adjoint 
of the covariant derivative with respect to the L 2 -inner product given by the 
round metric on the diagonal component of Qe and an appropriate cone- angle 
metric on the off-diagonal component. In [KM], the slice wasn't constructed 



explicitly. The fact that the slice can be so given is very useful for gluing 
theorems, as we will illustrate in the case of manifolds with cylindrical ends. 
Note one serious difference between the usual Coulomb condition for non- 
singular connections (B G ker d* A ) and the Coulomb condition that we present: 
the latter is not gauge invariant, due to the use of different metrics for the on- 
and off-diagonal components. 

The slice will, as usual, be obtained from analyzing the twisted Laplacian 
on sections of Qe- We will investigate that Laplacian for the background 
connection A a , but first we need to develop a model problem for the off- 
diagonal component of A a , using the theory of edge differential operators. 
The analysis will be developed in the 4-dimensional case, but it is entirely 
similar in the 3-dimensional case. 

Note that Ride ||R1|| obtained another gauge fixing condition using a metric 



asymptotically isometric to H 3 x S 1 to analyze the off-diagonal component of 
the connection. However, his technique fails to provide a well-defined Coulomb 
condition when the connection is not abelian near the embedded surface. 



2.1. The model problem for the off-diagonal component. Before 
describing the model for the off-diagonal component near S, recall that we have 
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a surface £ of genus g, embedded in a four-manifold X with self-intersection 
n = £ 2 . Take as a local model the ruled surface H g ^ n , obtained by compacti- 
fying the complex line bundle of degree — n over the surface £ with a copy of 
£ at infinity. Fix a diffeomorphism between the tubular neighborhood iV of 
£ in X and a tubular neighborhood of £ in Using that diffeomorphism, 

pull back and extend arbitrarily to H gn the cone-angle metric g, the angular 
1-form 77, the line bundle L® 2 and the off-diagonal components of the adjoint 
connections ad A and ad A a . Denote these connections on L® 2 by -B and 
B a respectively. There is no obstruction to extending L® 2 to H gn since £ is 
a primitive class in H 2 (H gin ; Z). Near E, B a = B° + 220:77. 

Let A aifc be the twisted Laplacian acting on L® 2 -valued /c-forms corre- 
sponding to the connection B a , formed using the cone-angle metric g. Con- 
sider the blow-up H g n of H gn and lift A a ^ to H g n . Locally near dH g n , the 
1-form 77 can be integrated to (almost) an angular variable 9 e IR/27rZ. A truly 
angular variable is given by 6 — ^9 G M/^27rZ. We have also the distance 
variable r and we choose local variables (s,t) on E extended to H g n and lifted 
to H 9in . 

Proposition 1.2. The operators r 2 A a ^ k are elliptic edge for the natural 
edge structure on dH g ^ n . 

Proof. This is a tedious, though straightforward, computation. Here is 
how to do it for A Qj0 . Let (x,y) be the Euclidean coordinates corresponding 
to the polar coordinates (r, 9), i.e. 

{a; = rcos# =rcos-#, 
y = r sin# = rsin ^9. 

Let d and d a denote the covariant exterior derivatives associated with B° and 
B a respectively. Then, in some local trivialization of L® 2 , d takes the form 

doit = (d s u + B s u) ds + (d t u + B t u) dt + (d x u + B x u) dx + {d y u + B y u) dy, 

where B s , . . . , B y are smooth imaginary- valued functions. Since g is a Rie- 
mannian product near E, one can already conclude that the terms of A Qj0 
involving partial derivatives in s,t and B s ,B t can be grouped to form an op- 
erator which is elliptic in d s ,dt- Therefore, we only need to consider the terms 
involving x, y. Drop the (s, t)-terms in d and go to (r, #)-coordinates. Then, 
d becomes 

d u = (d r u+(B x cos *6+By sin *fi)u) dr+(d e u+(-^B x r sin %9+%B y r cos f 0)u) d9 , 
which can be rewritten 

(14) d u = (d r u + B r u) dr + (-dgu + B e u) rd9 , 
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where B r ,Bg are smooth imaginary- valued functions. Hence, 

d a u = (d r u + B r u) dr + (-(dg + 2m)u + Bgu) rd6. 

r 

The cone-angle metric is given by dr 2 +r 2 d8 2 . Therefore, the (dr, <i#)-components 
of A a fi are computed as follows: 

(15) 

— *d a *d a u = —*d a {(d r u + B r u) rdO — (—(dg + 2ik)u + Bgu) dr} 

r 

= -{dlu + (- + 2B r )d r u + —(d e + 2m) 2 u + -B 6 (dg + 2in)u 

+ (d r B r + -B r + B 2 + -(dg + 2lK)Bg + B 2 g)u}. 

From (|15| ) and the remark above regarding the (s, t)-terms, it is now clear 
that r 2 A a fi is edge and elliptic. □ 

From the calculations in the proof of proposition [T]^, we can carry out the 
analysis for A^o (Fredholmness, elliptic regularity, etc). First, we compute 
the typical element in the normal family of r 2 A a . Pick a point z 6 E and 
coordinates (s,t) centered at z on S, which are orthonormal at z. Lift and 
extend those coordinates to B g n in the usual way. Referring to equation 
( |A.3| ) in the appendix, we see the normal operator of r 2 A a o at z is obtained 
by writing r 2 A a ^ as a polynomial expression in the operators rd s ,rdt,rd r ,dg 
with smooth coefficients, setting r = in the coefficients, and viewing the 
variables (s, t) in the coefficients just as parameters. Hence, at z, we just set 
the parameters s = t = 0. Since the (s, t)-terms in A Qi o are plain elliptic, after 
multiplying by r 2 and setting r = in the coefficients, we are just going to 
be left with the principal partial (s,t)-symbol of A a , multiplied by r 2 . As s 
and t are orthonormal at z, it implies that the (s, t)-terms in N(r 2 A Q) o) z are 
— (r 2 d 2 + r 2 d 2 ). To get the (r, 6*)-terms, we use expression (|T5|). Therefore, we 
obtain 

(16) N(r 2 A afi ) z = - (r 2 d 2 + r 2 d 2 + r 2 d 2 + rd r + (dg + 2m) 2 ) . 

That expression shows that all the operators in the normal family are indeed 
similar. From now on, we won't mention the dependence onzGE anymore. 

To get the indicial operator, remark by comparing equations ( |A.3| ) and 
( |A. 1| ) that one just needs to drop the (s, t)-terms in (|T6|) : 

I(r 2 A a , ) = - {r 2 d 2 + rd r + (dg + 2m) 2 ) 
= -{(rd r ) 2 + (dg + 2iK) 2 ). 
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As in ( A.2|) , substitute the complex variable ( for rd r in (|17|) to obtain the 
Mellin transform: 

(18) / f (r 2 A a , ) = -(C 2 + (^ + 2z«;) 2 ). 

The spectrum of the skew-adjoint operator do + 2ik on S 1 , where the variable 
9 runs from to -2ir, is 

Spec(d e + 2m) = {i(^m + 2k) , m e Z} 

(19) = {«(? + 2),meZ}. 

From (|19D , the boundary spectrum of r 2 A Qj0 , that is the values of ( for which 
(pp is not invertible, is computed to be 

(20) spec 6 (r 2 A ai0 ) = {±k\^ + 2| , m e Z}. 

Let A m = |— + 2|. Since a G (0, |), the set {A m , m 6 Z} is bounded away 
from zero. Indeed, the value of A m closest to zero is given either by m = or 
m = —1. Let 

(21) 7 = min{A m , m G Z} = min{2 , 
So, we have 

Lemma 1.3. T/ie real part of the boundary spectrum ofr 2 A aj0 , 3ftspeCb(r 2 A ai0 ) 
can be moved away from zero as much as desired by taking k large enough, i. e. 
by taking a sharp enough cone-angle. More precisely, 

^Rspec b (r 2 A a:0 ) fl (—kj, kj) = 0. 

The normal operator A^(r 2 A a0 ) is isotropic in (s,t). To compute its asso- 
ciated Bessel-type operator L (|A.5|) , substitute i for d s and drop the <9t-term: 

(22) L = -r 2 dl - rd r + r 2 - (d e + 2ik) 2 

The operator L is Fredholm on r s L 2 (R + x S 1 ) iff S ^ 3?speCfe(r 2 A Q , ) + \ and 
we need to find the values of 5 for which Lq is invertible on r s L 2 . The kernel 
of Lq can readily be found by separation of variables, using (0). On the m th 
eigenspace of (dg + 2m), L acts as 

(23) -r 2 d 2 r - rd r + (r 2 + K 2 \ 2 m ). 

This yields a modified Bessel equation. Its solutions are given by the Kelvin 
functions (or Bessel functions of the second kind) K K \ m and I K \ m |[Le||. We 



can reject the solution I K \ m which has exponential growth. On the other hand, 
K K \ m ~ r _KAm as r — > and decays exponentially as r — > oo. Therefore, 

(24) kerL = iff 5 > -kj + \. 

Next, we need to determine when coker L = 0. We use the fact that L 
is self-adjoint with respect to the natural inner product in r l l 2 L 2 . The dual 
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of r s L 2 in that inner product is naturally identified with r 1 S L 2 . Hence, we 
simply need to know when K R1 ^ r 1_<5 L 2 , which gives the condition 

(25) cokerLo = iff 5 < kj + \. 

Combining lemma |f .3| with (|24]) and (^5|) , we have 

Lemma f.4. The Bessel-type operator L associated to r 2 A Qj0 is invertible 
on r 6 L 2 (R + x S 1 ) iff 

— «7 + \ < 5 < ivy+h. 



Finally, we get to the desired result: 

Proposition f .5. Let a G (0, ^) and let in a positive integer. Then, for 
k large enough, the operator 

A Q ,o : Wl -> Wl 2 
is invertible for —£ + 2 < £ < £ . 

Remark that a single k won't work for all values of a G (0, |). However, as 
will be apparent from the proof, k can be chosen so as to depend continuously 
on a. 



Proof. By proposition |L~T| , the spaces Wf can be identified with cer- 
tain weighted edge Sobolev spaces, the powers appearing in the weights being 
bounded in terms of in. Lemmata 11.3 and |1~1 combined with theorem IA.1I and 



proposition |A.2| show that it is possible to choose k so as to create enough 
elbow room in the distribution of the indicial roots of r 2 A Qi o for A^o to be 
Fredholm in the given range of Sobolev differentiability. 



Similarly, proposition |A.4j shows that elliptic regularity between these spaces 
holds for A^o if K is large enough. Since A Qi o is formally self-adjoint in the 
cone-angle metric g, this implies that A aj o is actually self-adjoint. Therefore, 
A a has Fredholm index 0, and to prove the invertibility of A aj o, we just need 
to show that ker A^o — 0. Let u G ker A Qj o. By theorem [A.l| , 
r — > 0. Therefore, when integrating by parts the expression 



u 



„K7 



as 







the boundary term will converge to as r — > 0. It follows that u must be 
covariantly constant with respect to the connection B a . Since B c 



trivial, 



0. 



is non- 
□ 
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2.2. The Laplacian for twisted connections on q e . Recall that we 
have two different metrics on the manifold X\E, the round-metric g, which 
extends across E, and the cone-angle metric g. Both metrics agree away from 
an e-neighborhood of E. Recall also that near E, the adjoint bundle Qe splits 
as the sum of trivial real bundle iM. and L® 2 . The adjoint connection ad A a 
respects that splitting near E. In fact, ad A a is trivial on zR and equals B a 
(defined in section [2.1| ) on L® 2 . 

Let * be the Hodge star operator acting on jj^-valued forms corresponding 
to the round metric for the diagonal component of Qe and to the cone- angle 
metric for the off-diagonal component near E. We can then form the formal 
adjoint of dA<* in that mixed metric : 

(26) d* Aa = ±*dA**- 

The corresponding Laplacian A a on sections of Qe is 

(27) A a = d%d A c 

In general, we will use the decoration ~ for operators constructed using those 
two different metrics for the on- and off-diagonal components of Qe- 

The following result shows that A a behaves essentially like a usual Lapla- 
cian between the appropriate Sobolev spaces. 

Proposition 1.6. Let £ be a positive integer. The parameter k can be 
chosen large enough so that 

A ■ T p — > f p 

is Fredholm of index for —£ + 2 < £ < £ . Moreover, coker A a C L P o and 
coker A a = ker A a . 

Proof. Let X e be a small neighborhood of X\iV where A a = A , A being 
the non-singular connection on E chosen in section (see the definition of A a 
in (0) ). Let A^o be the twisted Laplacian on sections of Qe constructed using 
the connection A and the round metric g. Also let A be the plain Laplacian 
on functions on X in the round metric g. 

From the construction of A a , it is clear that 

{A^o over X e , 
A Qj0 on L m over N , 
A on iM. over N , 

using the identification of N with a neighborhood of E in H g n . 

Let G^o and G be parametrices for A^o and A, respectively, on X and let 
r Q be the inverse of A a ^ Q on H gn obtained from proposition A parametrix 
for A a can be constructed in a way similar to the one described in [ |APS|| . Let 
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be a cut-off function supported on iV with = 1 on X \ X e , and let ipi, ?/>2 
be cut-off functions supported on iV and X \X e respectively, with ip\ = 1 on 
supp and -0 2 = 1 on supp (1 — 0). If u is a section of Qe supported on N, 
we denote by ut and ud its off- and on-diagonal components respectively. 

From fl28|), a parametrix for A Q is given by 



(29) Qu = V 2 G A o((l - c/>)u) + ^(G((0 M ) D ) + r a ((0u) T )), 

Hence, A Q is Fredholm. Moreover, A a is formally self-adjoint for the mixed 
inner product given by g on iM. and by g on L® 2 . Therefore the cokernel of 
A a : L P £ L v t _ 2 is given by the kernel of A a : L g _ e+2 — > L q _ t By the usual 
elliptic regularity, elements of the cokernel will be smooth over X\Ti, with 
the diagonal component extending smoothly across E. Moreover, if k is large 
enough, the off-diagonal component will belong to W% by proposition [A. 4 . 



Therefore coker A a C L^ Q . □ 

From here on, we can consider a general connection A = A a + a G *4 a , 
where 



(30) 



— — Of) 



near S, with a D G L{(Q l {X ; zM)) and a T G Wf (f^pf \£; L® 2 )), p > 2. On 
0^-valued forms, ci^ acts as 



(31) cIau = (Ia^u + 



—2iQ(a T A Ut) 2(a D A u T — a T A tip' 
2(od Aut — Or) A «/) 2«Q l (a< r A %) 



showing from the multiplication theorems that d,A '■ L\ — ► L p is a compact 
perturbation of d^o , see ||KM] . 



Near S, the formal adjoint of d,A in the mixed metric is computed to be 
(32) 

v _ v+( ±2i^s * (a T A *Vt) ±2i*(a T A *v D ) ± 2*(a D A *Vt] 

A Aa \ ±2i*(a T A *v D ) =F 2*(od A w T ) =F2i3 * (a T A *t> T ) 

The signs depend on the degree of the form v, but are irrelevant for our 
purpose. Since the operator norm of * in the round metric g is uniformly 
bounded over X\E, by (|T2"|) , the multiplication theorems between Sobolev 
spaces show that d* A : L i I(Q 1 ,q e ) — > L p (q e ) is well-defined and is a compact 
perturbation of o^. It is at this point that Rade 's techniques break down. 
When writing down the adjoint of 6a in a mixed round/hyperbolic metric, 
one realizes that this adjoint is not well-defined between L p spaces unless a*r 
vanishes near the surface. 
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We can now form the twisted Laplacian A a associated to A in the mixed 
inner product : 

Aa = d* A d A . 

And we have for A a a result similar to proposition |1.6|: 



Proposition 1.7. The parameter k can be chosen large enough so that 
for any singular connection A £ A a ' p , the Laplacian 

A a '■ L p — > L p 

is Fredholm of index 0. Moreover, cokerA A C L p Aa and cokerA^ = ker A a- 

Proof. Aa is a compact perturbation of A Q ; therefore, Aa is also Fred- 
holm of index 0. Moreover, since Aa is formally self-adjoint, ker Aa C coker 
Aa- Since the dimensions have to agree, the latter inclusion is an equality. □ 



Using proposition [Tj, we show that ker d* A provides a slice to the action 
of the gauge group Q. 

Proposition 1.8. For A £ A a,p , the image of dA is closed, and admits a 
closed complement in L p 1Aa , given by the kernel of d* A . 



Proof. We essentially reproduce the proof from ||Mo|| . Let 



T A : (ker Aa)^ D L p ^ (ker Aa) x n L 



v 

2,A° 



be the inverse of Aa, which is well-defined by proposition |1.7| . The orthogonal 
complements are taken with respect to the mixed inner product. Then the 
continuous maps 

d A r A d\ : L p (n\ QE ) ^imd A d l p (q\ 9e ) 

and 

Id - d A r A d\ : L p ({1\q e ) -> ker 4 C L p (n\g E ) 

are complementary idempotent operators, and therefore, yield a topological 
decomposition 

LftftSfls) = im d A ©ker d* A . 

□ 



As in ||FU1| proposition |1.8| can be used with the implicit function theorem 
to prove : 

Corollary 1.9. The space (B a,p )* is a Hausdorff Banach manifold. 
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As said earlier, this was already proved by Kronheimer and Mrowka ||KM] , 
proposition 5.6]. The main differences is that the slice is now provided explic- 
itly. 

Proposition L8 also allows one to roll up the deformation complex (||) for 
the ASD equation. 

Proposition 1.10. For p close enough to 2 and A e A a,p , the operator 

(33) 4 + d+ : L^p^E; g E ) - L p (ft°(X\£; g E ) © L p (fi + (X\S; flj5 ) 

Fredholm and its index is given by (|7]) . 



3. Laplacians on forms. 



The analysis carried out for the Laplacian on sections of in sections ^TT 
and [2.2| can be repeated for g^-valued forms. This will be necessary in the 
next chapters to study the Hodge-de Rham theory of singular flat connections 
on three-manifolds, and to develop the analysis for ASD singular connections 
on manifolds with cylindrical ends. 

Let A a>k denote the twisted Laplacian on g^-valued fc-forms formed from 
A a over X\E with the mixed metric. The main technical point lies in the 
computation of the indicial roots of the off-diagonal component of A a ^- Recall 
that the off-diagonal component is studied on a model space H g ni from a 
connection B a pulled-back from X near E. The twisted Laplacian on L® 2 - 
valued fc-forms obtained from B a using the cone-angle metric g is denoted 
We will study A tt]1 in detail, because, in fact, the indicial roots for 
Laplacians on forms of higher degree consist of the indicial roots of A 0) i and 

A a , . 

Using the coordinates (s, t, r, 6) on H g ^ n as in section [2J], we can pick 
{ds,dt,dr,rd9} as local generators for the pull-back of f2*(if 9jn \E) to H g ^ n . 



Calculations similar to proposition 1.2 show that r A a k is an elliptic edge 



differential operator. Moreover, in the local frame (ds, dt, dr,rd8), the normal 
operator of r 2 A a l takes the form : 

(34) 

/iV(r 2 A Q , ) \ 

N(r 2 A A = ° N ^ A ^ ° ° 

1 aA) iV(r 2 A a , ) + l 2(d e + 2iK) 

\ -2(d e + 2iK) N(r 2 A afi ) + lJ 

This is just like the twisted Laplacian on 1-forms in cylindrical coordinates 
on the punctured 4-dimensional Euclidean space with an axial 2-dimensional 
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plane removed. Compare with (|16|) which gives the corresponding Laplacian 
on functions. Let r 2 A' a 1 denote the lower-right 2 by 2 matrix operator : 

(35) r 2 A > a i _ (N(r 2 A a , ) + 1 2{d e + 2m) 



-2(d + 2m) N(r 2 A a>0 ) + 1 

in the local frame (dr, rdO). 

From (0), we see that the indicial roots of r 2 A a ^ comprise those of r 2 A a $ 
and those of r 2 A' a l . The indicial roots of r 2 A a were computed in section [2.1| 
and were shown to be as far away from zero as desired by taking the parameter 
K large enough. The same holds for the indicial roots of r 2 A' a 1; but the proof 
is somewhat more involved. The indicial operator of r 2 A' a l is 

T(r 2 A , s _ Mn9 r ) 2 + 1 - (<% + 2m) 2 2(d e + 2m) \ 

W i [r - ^ _ 2 ( dg + 2m ) -(r<9 r ) 2 + l-{d e + 2ik) 2 ) " 

This looks in fact like the twisted Laplacian on 1-forms in polar coordinates 
on the punctured Euclidean plane. 

The Mellin transform of J(r 2 A^, x ) is 
( o 7] T(r 2 A , , f-C 2 + 1 " (do + 2m) 2 2(<% + 2m) 



2(<9 e + 2m) -C 2 + 1 - (<9 e + 2m 



We can decompose the coefficients of dr and according to the spectral 
decomposition of (dg + 2m) given in ( |i~9"|) . The indicial roots will be given by 
the values of ( for which the matrix 



(38) 



-C 2 + 1 + k 2 (2 + sl) 2m(2 + ^) 

-2m(2 + ^) _ C 2 + i + k2(2 + ^) 



is singular for some (1711,1712) G Z x Z. 

Let x = 2+— and y = 2+— and remember from ( PH) that |y| > 7 > 0, 
i.e. x, y are bounded away from zero. The determinant of the matrix (^) is 
given by 

(39) C 4 - (2 + k 2 (x 2 + y 2 ))C + (1 + k 2 (x 2 + y 2 ) + n 4 x 2 y 2 - Ak 2 x V ). 

We need to find the values of ( for which ( |39|) vanishes. This yields a quartic 
equation reducible to a quadratic equation. The discriminant is 

(40) p = k 2 (k 2 (x 2 - y 2 ) 2 + 16zy) 
and the solutions are given by 

^ 2 2 + k 2 (x 2 + y 2 ) ± Ky/ 'k 2 (x 2 — y 2 ) 2 + \Qxy 
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LEMMA 1.11. Let (— r, r) C K. Then, for k large enough, 
^spec b {r 2 M al ) n (-r,r) = 0. 

Proof. The proof will be divided into two cases, depending on the sign 
of the discriminant p. 

1. p < 0. In this case, C 2 , an d C> wm be complex. Note that 9ft(C 2 ) = 
2 + ^(x 2 + ^) . 

is positive, and since \x\, \y\ are bounded away from 

zero, 3?(C 2 ) can be moved away from zero as much as desired. The 
lemma now follows from the fact that if z is a complex number with 
> 0, then 



2. p > 0. Let a = 2 + k 2 (x 2 + y 2 ) and 6 = ^fp. There is no problem for the 
indicial roots of the form ( = ±\ — ^— . Let's consider the case where 



(42) C = ± 

Note that 



a 2 - b 2 = 4 + An 2 (x 2 + y 2 ) - lQn 2 xy + An i x 2 y 2 



(43) >C lK V + y 2 ) 2 , 

provided k is large enough, since \x\, \y\ > 7. Moreover, direct exami- 
nation shows that 

(44) a,b< C 2 K 2 (x 2 + y 2 ) 



if k is large enough. It follows from p3|) and fl44|) that 

(45) a - 6 = > C 3 ^(x 2 + y 2 ) > 2C 3 /€ 2 7 2 - 

a + 

A glance at (|^) shows that the indicial roots ( can indeed be moved 
away from zero as much as desired by taking k large enough. 

□ 



In view of the structure of N{r 2 A Qi i) displayed in ([34]) , lemmata L3 and 
LTT| yield 



Lemma 1.12. For any interval (— r, r) C WL, the parameter k can be chosen 
large enough so that 

(-r, r) n $tspec b (r 2 A aA ) = 0. 
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The Bessel-type operator associated to N{r 2 A tt) i) is computed to be 
(46) Lq = I(r 2 A aA )+r 2 ld. 

We need to determine when Lq is invertible. 

Lemma 1.13. For any interval (— r, r) C R, the parameter k can be chosen 
large enough so that Lq be invertible on r 5 L 2 for 5 G (— r + ~,r + |). 

Proof. The operator J(r 2 A Q , i i) is easily seen to be self-adjoint and semi- 
positive with respect to the natural inner product on r x l 2 L 2 . Moreover, for 
k large enough, J(r 2 A a l ) is invertible in view of lemma |1.12| . Therefore, its 



spectrum is bounded away from zero. On the other hand the multiplication 
operator r 2 Id is obviously positive and self-adjoint. Therefore, Rayleigh quo- 
tients show that the spectrum of Lq is also positive and bounded away from 
zero. Hence, Lq is invertible on r x l 2 L 2 . Since the kernel and cokernel of Lq 
can jump only for values of 5 G $lspecb + §, the operator L will stay invertible 
on r s L 2 for 8 in an interval centered around | that can be made as large as 
desired by taking k large enough. □ 

Proposition 1.14. Let a G (0, |) and let £ be a positive integer. Then, 
for k large enough, the operators 

K,k : Wf - Wf_ 2 
are Fredholm for —£ + 2 < £ < £ . 



Proof. This follows immediately from theorem [A. 1| and lemma |1.13| . For 
Laplacians on higher order froms, the only thing to remark is that the building 
blocks of their normal operators will also consist of iV(r 2 A Qj0 ) and r 2 A' Q v □ 

Now, we denote by A^ the twisted Laplacians acting on g^-valued k- 
forms, obtained using the mixed inner product. A parametrix for A Qj fc can 



be constructed in the same way as for A a in the proof of proposition |L6 
Therefore, we obtain a similar result : 

Proposition 1.15. The parameter k can be chosen large enough so that 

A ■ J p f p 

is Fredholm of index for —£ + 2 < £ < £ . Moreover, elliptic regularity holds 
in that range of Sobolev differentiability and coker A a j. = ker C L v t . 

From the results obtained so far, it would be easy to recover and streamline 



the analytical results of |KM|, like regularity, compactness, etc. For instance, 



our proof that imd^ is closed is much more straightforward [ KM , lemma 5.5]. 



The trick of ||DS|| would still be needed to change the conformal structure on 
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the off-diagonal component of the connection. Instead of repeating the anlysis 
of [[KM][ in that new framework, we are going to show how the results obtained 
here can be used to develop a theory of moduli of singular connections on 
certain manifolds with cylindrical ends. The analytical techniques are inspired 
from those of [ LM ], with a number of tricks coming from |DS|| . But we first 



need to investigate the 3-dimensional picture. 



CHAPTER 2 



Three-dimensional Theory. 



In this chapter, we develop a Chern-Simons theory for connections over a 
3-manifold M which are singular along a knot K. The theory could easily 
be extended to cover the more general case of a link. The first section de- 
scribes how the set-up adopted in the four-dimensional case can be adapted 
to the three-dimenional case. The second section defines the Chern-Simons 
functional CS a as a section of a flat circle bundle on the space of connections 
modulo gauge equivalence. The critical points of CS a £1X6 cLS usual flat con- 
nections and the gradient-flow lines for CS a can be seen as the singular ASD 
connections on the cylinder (M, K) x R studied in chpater 3. The last section 
studies the Hessian of the Chern-Simons functional. There, the Hodge-de 
Rham theory of flat singular connections is studied, leading to a topological 
condition for determining when a flat singular connection is a non-degenerate 
critical point of CS a (proposition 2.10, theorem 2.11|). 



1. Set-up. 

Let K be an oriented knot in a homology 3-sphere M, endowed with some 



carries 



Riemannian metric. In this case, the set-up described in section |Ll 
over directly, but can be somewhat simplified. First, the knot K has a natural 
framing and we denote its longitude by A and its meridian by fi. As above, we 
choose a connection 1-form r\ for the normal circle bundle of K. We consider 
the trivial S"?7(2)-bundle over S 3 and its trivial [/(l)-subbundle corresponding 
to the diagonal embedding of U{1) in SU{2). We now take as the background 
connection A a the flat abelian connection (unique up to gauge) with holonomy 
exp(— 2ina) around the meridian of K. We also arrange that the connection 
1-form of A a agrees with 77 over a tubular neighborhood of K. Then, for 
p > 2, the definitions (Q) and (|5|) of the spaces of connections A a,p (M, K) and 
gauge transformations Q P (M, K) carry over immediately, and we can form the 
corresponding quotient B a ' p (M,K) = A a ' p (M, K) / Q P (M, K) . 

The analysis carried out in the four- dimensional case carries over immedi- 
ately to the three-dimensional case. In fact the indicial operators associated 
to the twisted Laplacians on the off-diagonal components of the connections 
in the cone-like metric are the same in either dimension. Moreover, due to the 
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isotropy of the normal operators, the associated Bessel-type operators are also 
identical. Therefore, if we take a sharp enough cone-angle for the off-diagonal 
component of the mixed metric, we have among other things: 

Proposition 2.1. The space of irreducible singular connections (B a,p )* 
on M is a Hausdorff Banach manifold. A slice transverse to the action of the 
gauge group Q p at the connection A is given by kerd* A . 

We will refer to the real algebraic variety of conjugacy classes of representa- 
tions of 7Ti(M\K) into SU (2) as the character variety of M\K, and will denote 
it x(K)- The set of gauge-equivalence classes of flat connections on M\K is 
in one-to-one correspondence with x(K)- By restriction to the boundary of a 
tubular neighborhood of K, x(K) m aps into the character variety of the torus, 
commonly referred to as the the "pillowcase" . 

Proposition 2.2. A gauge transformation g e Q P (M,K) is continuous 
and maps K into U(l). Moreover, 

tt (£ p ) = Z©Z, 

the first integer being given by the degree of g : M — > SU{2), and the second 
integer by the degree of g\x : K —> U(l). 

Proof. Since W^, C L\ and L\ C C° by the Sobolev embedding theorem, 
we see that g is indeed continuous. Now assume that for some z G K, the 
off-diagonal component gx of g doesn't vanish. Then is bounded away from 
zero on a whole neighborhood of z in M. But this implies that ^g T ^ L p , a 
contradiction. 

Therefore ttq{Q) = [(M, K), (S 3 , S 1 )}. Showing that the latter is isomorphic 
to Z © Z is an elementary exercise in obstruction theory, which we present for 
the sake of completeness. To show surjectivity, take any map / : K — > S* 1 
with the desired ^-degree. Since H 4 (M, K) = 0, / can be extended to M as 
a map into S* 3 . Moreover, the ^-degree of / can be changed arbitrarily by 
changing / on a small ball away from K. For injectivity, assume that / and 
g are two maps with the same degrees. It is then possible to find a homotopy 
H : [0, 1] x K — > S 1 between / and g on K. The obstruction to extending H to 
S 3 lies in H A ([0, 1] x M, {0, 1} x MU [0, 1] x K) = H A ([0, 1] x M, {0, 1} x M) = Z 
and is precisely given by the difference in the S^-degrees. □ 

Corollary 2.3. 

7Ti((£ a ' P )*) = Z©Z. 

Proof. Let Q p = Q p /±l. Then n (G p ) = Z © Z, since 1 and -1 are 
obviously homotopic. The space (A a ' p )* of irreducible connections is con- 
tractible, because the space of abelian connections is a submanifold of A a,p 
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of infinite codimension |[Mo ]. Now, the action of Q p on (A a,p )* (the space of 
irreducible connections) descends to a free action of Q p on (A a,p )*. Therefore, 
Tti((B a ' p )*) = Z© Z. □ 

2. The Chern-Simons functional. 

As mentioned briefly in ||Kr||, it is possible to define an analogue to the 



Chern-Simons functional for singular connections. However, in contrast to the 
usual Chern-Simons function, which is R/Z- valued, the functional that we will 
define is in fact a section of a flat S l bundle over the space of connections B a . 
The idea of defining a Chern-Simons functional as a section of a bundle goes 



back to [[RSW|| for 3-manifolds with boundary. However, in their definition, 
the 5' 1 -bundle is not flat. As in the usual case, the gradient of our Chern- 
Simons functional (with respect to the flat connection on the ^-bundle) will 
be essentially the curvature operator. 

2.1. Definition. As in [ |DK|| , the approach we are taking to define the 
Chern-Simons functional is by integrating the energy of an extension of the 
connection to a four-dimensional manifold. Let M bound a four-manifold 
with boundary X and choose a surface E C X so that X H M = <9X = K. 
Extend the trivial S77(2)-bundle on M to a bundle E on X, and the diagonal 
[/(l)-subbundle to a subbundle L on a tubular neighborhood iV of X in X. 
Also, extend the form rj to N. Let A be a singular connection in A a,p (M). 
Extend A to a singular connection A e A a,p (X). Then we define 

(47) CS a (A) = -L I trF A AF A - c 2 (E)[X] + 2oic 1 (L)[E] + a 2 S ■ X, 

where C\(L) e H 2 (N, N H M) is the relative Chern class of L with respect to 
its fixed trivialization on iVflM, 02(E) e H A (X, M) is the relative Chern class 
of E, and the self-intersection of E is taken with respect to the natural framing 



of K = <9£ in M. The Chern- Weil formula (§) shows that the definition (4"?D 
is independent of the choices made in the extensions. To see this, one just 
needs to glue two different extensions together. Moreover, the same formula 
shows that if g is a gauge transformation in Q p , then 

(48) CS a (g*A) = CS a (A) + degg - 2adegg\ K . 

Consider the trivial S^-bundle A a x S 1 . Define a flat S^-bundle over B a 
by the identification 

(A,z) ~ (g*A,zexp(-4i7iadegg\ K )). 

a 

Then, fl48|) shows that CS descends to B a as a section of that flat bundle. 
This section is our Chern-Simons functional and will be denoted CS a . 
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a 



We will give formulae for CS a , or rather CS , in terms of connection 
matrices, and we are going to compute its differential. 

Proposition 2.4. Let A e A a,p and let b = \A D - n, where A D is the 
diagonal component of A. Then 



Proof. First, note that all the terms in the RHS of fl49|) make sense 
and that it is continuous in A by the Sobolev multiplication and restriction 
theorems. Therefore, we can reason by density, and assume that A is smooth 
on M\K and that its off-diagonal component vanishes close enough to K. 

a 

Choose X and £ as in the definition of CS , but arrange that £ be a disk 
with zero self-intersection, which can always be done. The extended bundles 
E and L can also be chosen to be trivial, and let A be an extension of A to E. 
For e small, let M e be the complement of the e-neighborhood of K in M and let 
S e be the boundary of the e- tubular neighborhood of S in X. Then M e U S e 
is a closed 3-manifold. From the extension definition of the Chern-Simons 
functional for non-singular connections, 



We need to compute the last term. It is no restriction to assume that the 
extension was chosen so that near E, 



(49) 




(50) 

CS a (A)=limCS(A\ M ^) 





where b is an extension of b. Hence 



tr(A AdA + 



\A A A A A) 



2(6 + arj) A db. 



Since b is smooth, 




26 2. THREE-DIMENSIONAL THEORY. 

and 



lim —2a / rt A db = lim —2a / d(ri A 6) 



(51) = 2a lim / 77 A 6 



= Ana / 6. 
Jk 

To go from the first to the second line, we used Stokes's theorem and the fact 
that <9£ e = dM e with the opposite orientation. Plugging (|5"ID into (|50D yields 
the desired formula. □ 

2.2. The differential and the critical points of CS a . 

a 

Proposition 2.5. The differential of CS at a connection A is given by: 

(52) D A CS a {a) = -L I tr{F A Aa). 

47r Jm\k 

Proof. Reasoning by density, we can assume that near K, 

P 



a = i 
and 



-p 



A = i 



b + arj 
—b — arj 

where b,p G L P X {M\K, M). Then, from fl49|), 



— « 1 /" a f 

D A CS (a) = — - / tr(a Adi + i Ada + 2iAi Aa) H / p 

8tt y M \^ 2tt J k 

(53) =A/ tr{2F A A a - d{A A a)) + ^ p 

= 1T2 I tT ( 2F A A a) - — lim / AAa + ^- p. 

Computing the limit as in the end of the proof of proposition [O] shows that 
the last two terms of (|53|) cancel. □ 



From proposition |2.5| , we see that the gradient of CS is given by 

(54) VC ~S a (A) = ^*F A 
in the round metric, and by 

(55) VCS a (A) = ^*F A 
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in the mixed inner product. 

Proposition 2.6. The critical points of the functional CS a are given by 
the gauge equivalence classes of flat connections on M\K whose holonomy along 
the meridian of K has trace equal to 2cos27ra. In other words, the critical 
points are in one-to-one correspondence with the set of SU "(2) -representations 
p of tt\{M\K) such that 

/ e -2i7TQ g 

(56) p(\m])=[ o e 2ina 

modulo the adjoint action ofU(l) C SU(2). 

Proof. All we need to show is that any flat connection on M\K with 
meridinal holonomy conjugate to (j56|) can be gauge-transformed into A a,p . Let 
A be such a flat connection. 

Let T be a small tubular neighborhood of K. Since iri(T\K) = Z © Z, 
it follows that At\k is abelian. Therefore, after a gauge transformation g on 
T\K, g*A\T\K takes the form 

where t e R/27rZ is the longitudinal coordinate in T, and (3 G [0,1). Since 
g\or '■ dT — > SU(2) is null-homotopic, (7 can be extended to M. From (|57D , 
it is clear that the diagonal term of g*A — A a e and that its off-diagonal 
term is in Wf. □ 

A connection matrix that takes the form given in fl5?D near S will be said 
to be in nice form. 

We denote the set of critical points of CS a by 

JF Q (M, K) = {[A] e B a ' p {M,K) | F A = 0}. 



Proposition [2.6| shows that T a is independent of p. 

We would now like to understand the deformation complex of the Chern- 
Simons functional, to determine among other things, under which conditions 

a 

a critical point of CS will be non-degenerate. 

3. The deformation complex. 



From fl5lj), the Hessian of An 2 CS at a critical point A is given by *d A - 
Therefore, the deformation complex for CS a is given by : 

(58) 

0^ L p 2 (tt°(M\K;su 2 )) ^ L p (n\M\K;su 2 )) ^4 D>(n l (M\K ;su 2 )) — > 0. 



28 



2. THREE-DIMENSIONAL THEORY. 



As usual in Floer theory, this complex is not Fredholm, the last mapping 
having generally an infinite dimensional cokernel. The complex is completed 
in the following way, which has the advantage of tying in well with the anti- 
self-duality equation on the cylinder : 

(59) 

_> L p 2 (tt°(M\K ; su 2 )) L{(n}(M\K ; su 2 )) © L{(tt°(M\K ; su 2 )) 

* dA+dA > L p (n\M\K;su 2 )) — > 0. 



Proposition 2.7. Let A be a critical point of CS . Then, for p larger 
than, but close enough to 2, the complex (|59"D is Fredholm, i.e. its homology is 
finite- dimensional and the image of each map is closed. 



Proof. We are going to use the relation between (|59f) and the deformation 
complex of the anti-self-duality equation. Let (X, S) = (M, K) x S 1 and endow 
X with the product metric. Let p : X — > M be the natural projection and 



pull back A a to X with p. Then, as is well-known |[F1|| , we have natural 
identifications 

(60) A°(X) =p*A°(M), 

(61) A X (X) = p*A°(M) © p*A 1 (M) , 

(62) A + (X) = p*A 1 (M). 

The identification ( |61]) is given by considering the M- and ^-components of 
a 1-form on X. The identification (|62"D is obtained by sending a 1-form uo to 
(a; A dt) + , the self-dual part of u> A <it, where t is a unit-length coordinate on 
5* 1 . When the above identifications are made, the deformation complex for the 
ASD equation (§) at p*A becomes 

(63) 

— > L p 2 (p*tt (M^< ; su 2 )) L^tt'iM^ ; su 2 ))©L?(p*fi°(M\L: ; su 2 )) 

8t+ * <4+dA > //(^(M^su,)) — -> 0, 

which is known to be Fredholm for p close enough to 2 by the analysis carried 
out in |[KM]| . Comparing the two complexes, we see that (|59| ) is simply the 



invariant part of (|63"D under the action of the obvious S 1 group of isometries 
on X. Averaging over S 1 shows that the homology of (|59|) is simply the S 1 - 
invariant part of the homology of (0), and is therefore finite-dimensional. □ 
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Let W A be the i th homology group of the complex fl59"l). We are going to 
use an alteration of (|59| ) in the mixed metric as a prop to compute 7i* A : 

(64) 

_> L p 2 (n°(M\K ; aua)) ^ L\{n\M\K ■ su 2 )) © L p x {St{M\K ; su 2 )) 
The only thing that has changed is that we are now considering the Hessian 

_ „ - — a 

*cIa of 47r CS at A with respect to the mixed inner product instead of the 
Hessian in the round metric. Let H A be the homology of the complex (pip. 

Lemma 2.8. The complexes ( p9| ) and ( |64[ ) /icwe the same index. 

Proof. On X = M x S 1 , the deformation complex for the ASD equation 
(§) and the corresponding complex for an ASD equation in the mixed metric 
are homotopic, by changing continuously the conformal structure on the off- 



diagonal component. Moreover, by results of [KM] , the homotopy is through 
Fredholm complexes if p is close enough to 2. Therefore, the same is true for 
(|59|) and fl64|) since they are just the invariant parts of the two ASD complexes. 



Hence, their indices are the same. □ 



LEMMA 2.9. For A a flat connection, im *d A : L^Q 1 ) — ► L p (Vt l ) is or- 
thogonal to imdA '■ L\{Vt°) — > L P {Q}). Therefore, H\ splits as 

where 7i' A C Q 1 and7i A C Q° . Similarly, im*dA is orthogonal to imdA in the 
mixed inner product and H A splits as 

T~C A — 7~(-a © ^-A' 

Remark that in fact, H! A is the first homology group of the complex ( p8[ ) 
and, as such, can be seen as the kernel of the Hessian of CS a . 



Proof. Since A is flat, integration by parts shows that 

/ (d A u, *d A v) = 

J M\K 

if the off-diagonal components of u G VL°(M\K]Q E ) and v G il 1 (M\K; g E ) 
vanish near S. The result follows then by density. The same proof applies in 
the mixed inner product. □ 
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Proposition 2.10. The homology groups of ([BID are given by 
H A = H°(M\K; ad A), 

= ker(H\M\K] ad A) -> H l (ji\ ad A)) © H°(M\K; ad A), 

n A = n A . 

Therefore, the index of the complex (|64| ) is zero. 

Proof. First, assume that A has been gauge-transformed, so that near 
S, A is in nice form, as given in (0). Then, the analysis carried out for the 
Laplacians associated to the background connection A a applies verbatim to A, 
and so proposition |1.15| applies. 



Now, kerd^ = 7i A = if A is irreducible. If A is abelian and u G kerd^, 
then u is smooth and u = i diag (a, —a) near S, for some a£l This shows 
that u G Lf, and thus yields the isomorphisms for 7^° and 7t^. 

Lemma |2]9| shows that = ker d^/imd^ and therefore, the slice theorem 
(proposition |2J] ) implies that Tt' A = kerd^ fl kerd^. It follows that 7i' A C 
kerA^i. Moreover, if the cone-angle is sharp enough, integration by parts 
shows that ker A^i C H! A . Now, idi(/x; ad A) = K, since A is abelian but non- 
central on fi, and a generator for idi(/x; ad A) is given by the diagonal lifting of 
li. Since the diagonal component ujd of an element u G ker A^i is in C°°(M) 
by elliptic regularity, we see that 

u D = 



by shrinking the meridian \x towards K. Therefore, ker A^x C ker(H 1 (M\ 
K;adA) ad A)). 

Consider the natural map : = ker A A} i — > ker (H 1 (M\K; ad A) — ► 
id x (/i; ad A)). We need to show that is an isomorphism. First, we show that 
is surjective by a Mayer- Vietoris argument. Let u be a smooth representa- 
tive of some class in ker(id 1 (M\X; ad A) — > H 1 (fi; a.d A)) . If N is a tubular 
neighborhood of K, then ker (H l (N \ K; ad A) -> id 1 (//; ad A)) = R and is 
generated by the su2-valued 1-form A = % diag (dt, —dt) G Lf, where t is a 
coordinate on i^, extended to N. The form a; restricted to N\K is therefore 
cohomologous to aA for some a G K, i.e. c<j — a A = d£ for some section £ 
on N\K. Hence, a) = ^aA + (1 — if))(u — d£), where ip is a cut-off function 
supported on iV, is cohomologous to to and belongs to lF x . 

To show that <fi is injective, we adapt the technique of |[APS|| . Let it : M — > 
M be the oriented real blow-up of M along K and pull back A to M. Assume 
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that u) G ker A^! is exact. We have tt*u) G L^(M), as is easily checked in local 
coordinates and to = d A a for some form a G L P 2 (M) C r^L^M), by Hodge 
theory on manifolds with boundary. Then, using the mixed metric to define 
L 2 -norms on M, 

\\c0W2 = lim / tr(*uj A lu) 



+0 

(65) 



lim / tr(*u; A d A a — d A *uj A a) 



lim / tr(dA(*uj A cr)) 
lim / tr(*c<j A cr) 

JdM f 



= 0, 

given the asymptotics of u. To go from the first to the second line of (|6 
notice that the last term of the second line is zero since d* A u = 0. Hence to = 
and we have proved the injectivity of 4>. 

For the last homology group 7i\, remark by duality that 
(66) U\ ^ coker(5rf A + d A ) = {uj e L q \ d* A u = *d A u = 0}. 

By elliptic regularity this implies that coker(*c?^ + d A ) = ker A Aii C LP. 
Hence, H A = H' A . 

When the connection matrix of A is not in nice form, 7i A = kerc^ and 
H A = ker d A /imd A © kerc^ can be computed from above by gauge equi vari- 
ance. Formula (|66|) still holds by duality and so does elliptic regularity for 
A^x- Therefore, the above reasoning goes through. □ 

The same identifications hold for the deformation complex in the round 
metric fl59|). 



Theorem 2.11. For A aflat connection, 

H A = n A- 

Proof. First, notice that H A = kerd A = H° A and TL\ = ker d A /\md A © 
kero?^ = Ti, A . To compute H A , we are using the fact that the complex fl59|) is 
gauge-equivariant. Hence, we can assume that A is in nice form. 

By duality, 

U\ = coker(*d A + d A ) = {u £ L q \ d* A u = *d A uo = 0}. 

The group 7i\ can be identified with the ^-invariant part of cokercf^ on 
(M\K) x S 1 . Now, the proof of [[KM] , lemma 5.4] shows that ker(cf^ + *d A ) n 
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L q C L p , i.e. a limited version of elliptic regularity holds. Hence, we can 
assume that p = q = 2. Let u e ker(o^ + *d A ) = T~C\- By the standard elliptic 
regularity for the diagonal component ojd of u, we see that ujd £ C°°(M), and 
thus that [u] G ker(H 1 (M\K; ad A) — > H 1 ^; ad A)) by reasoning as above. In 
view of lemma |2T8| , proposition [2.10| and the identifications already obtained, it 
is enough to show that any class in ker(if ^M^fC; ad A) — > ad A)) has an 

L 2 harmonic representative. The Mayer- Vietoris argument presented in the 



proof of proposition |2.10| shows that any such class has an L representative. 



The fact that the representative can then be chosen to be harmonic is the 
content of a theorem of de Rham-Kodaira 



ETRJ 



□ 



Theorem [2.11| and proposition |2.10| are very important because they give 
topological identifications for the homology of the deformation complexes. In 
fact Ti' A = H' A can be seen as the (Zariski) tangent space of T a at A. The 
above results express the fact that this tangent space is just the restriction of 
the tangent space of the character variety x{K) °f M\K at A (identified with 
H 1 (M\K; ad A) ) to the space of connections whose meridinal trace is fixed 
by a. This is what should intuitively have been expected. 

In a way similar to |[DFK|| , we adopt the following conventions : 

A flat connection A £ A a,p is said to be acyclic if the homology of either 



deformation complex vanishes. It is said to be isolated if 7i' A 
The following is a well-known fact 



H' A = 0. 



K 



Proposition 2.12. The abelian connection with meridinal holonomy given 
by (p6|) is isolated iff e 4tna is not a root of the Alexander polynomial of K. 



stance m 
so-called 



In general, a non-abelian flat connection will be isolated, and thus acyclic, 
if it lies on a smooth arc of the character variety of K, which is transverse to 
the line fixing the meridinal holonomy to be as in ([56]) in the pillowcase. 

When flat connections are not isolated, the usual technique, found for in- 
or |[Hel]| , consists of altering the Chern-Simons functional by 
'holonomy perturbations" . For a generic such perturbation, the crit- 
ical points of the perturbed Chern-Simons functional are isolated. Theorem 
2.11| shows that the technique of holonomy perturbations would also work to 
isolate singular flat connections. The proof presented in | [T1| applies almost 
without change. Moreover, it can be assumed that the loops supporting the ho- 
lonomy perturbations are homologically trivial in the knot complement M\K. 
The picture emerging for the moduli space of perturbed flat connections is 
completely similar to the one studied in [[Hel|] for manifolds with boundary. 
The manifold with boundary to consider here is of course the homology sphere 
M with a small open tubular neighborhood of the knot K removed. 



CHAPTER 3 



Singular connections on manifolds with cylindrical ends. 



This chapter studies moduli spaces of singular ASD connections on man- 
ifolds with cylindrical ends. These can be seen as the spaces of flow lines 
for the gradient flow of the Chern-Simons functional and they determine the 
boundary operator in Floer homology. We are not going as far as defining 
a Floer homology in this thesis, but this chapter can be seen as a step in 
that direction. The first section establishes the basic definitions. As usual in 
Floer homology, one needs to work with Sobolev spaces which are exponen- 
tially weighted in the cylindrical direction. This is in fact necessary to the 
analytical treatment of the case of the abelian connection. The second section 
studies the basic operators in the translation-invariant case, which serves as 
a local model for the analytical theory on the ends. The techniques used are 
reminiscent of [ LM| . The operators are first studied in the mixed metric and 
then, the conformal structure for the off-diagonal component is changed to the 
round metric thanks to the trick from [051 . The third section presents the 



global theory. One then gets smooth moduli spaces of singular ASD connec- 
tions, whose dimensions are given by the Fredholm indices of some differential 
operators. The last section says a few words on how those indices change un- 
der gluing or when a gauge transformation is applied. Those formulae show 
that, at least as far as dimensions are concerned, the picture is similar to the 
usual Floer homology. 



1. Set-up. 

1.1. The background connection. Let W be a Riemannian manifold 
with n cylindrical ends modeled on Mj x M + , j = 1, . . . ,n, where Mj is a 
homology 3-sphere. Assume that the metric on W is a product metric on each 
end. Let £ C W be a surface, also with cylindrical ends, where we assume 
that the ends of E are given by X fl (Mj x M + ) = Kj x M + , where Kj is a knot 
in Mj. Let A be a tubular neighborhhod of S such that N n (Mj x R + ) = 
Nj x M + , where Nj is a tubular neighborhood of Kj in Mj. Let a G (0, |). For 
the following, we will assume that for every knot Kj, the flat connections in 
J- a (Mj, Kj) are isolated. This means that e 4ma is not a root of the Alexander 
polynomial of Kj and that the non- abelian flat connections are acyclic. The 
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torus knots are examples of knots where the flat connections in T a are isolated 
when e 4ma is not a root of the Alexander polynomial [|K[ . 



|MjXl 



Let E be an Si7(2)-bundle on W, and fix trivializations of E 
(Mj x R+) x C 2 on the ends of W. Similarly, pick a splitting E = L@ L' 1 
on N and fix trivializations | ^ x m+ — (Nj x R + ) x C. Consider (isolated) 
flat connections Aj G T a {Mj,Kj) in nice form for (Mj,Kj). Choose now an 
angular 1-form rj around E on W\H which agrees with the connection matrix 
of Aj on Mj\Kj. Pick a background connection A a on E as in (0), arranging 
on each end that ^4 a |M 3 xR+ — Aj. Following the terminology of |[DFK|| , we call 



such a pair of bundles (E, L) — > (W, E) with a fixed background connection 
A a which is flat on the ends an adapted bundle pair. 

1.2. Weighted spaces. Let tj G (0, oo) be the R + -coordinate on M,- xR + 
and let w$ : W — > R, S — (Si, . . . , 5 n ) £ M. n , be smooth positive functions such 
that 

ws(x,tj) = exp(Sjtj), (x,tj) G Mj x R + . 

Define Lf 5 (^ m (W\E; q e )) to be the space of distributional sections u of A m (W\ 
E; Qe) suc h that w$u is of class and the off-diagonal component of wsu near 
E is in W£(iV\E). We may drop the subscript 5 when 5 = 0. 

In the following definitions, we assume that Sj > 0, with strict inequality 
if Aj is abelian. We define the space of singular connections in the usual way : 

(67) A a 5 ' p (W, E)(Al, ...,A n )=A a + ^(^(^E; 0E )). 
The small gauge group is 

(68) $(W,E) = {(? G Aut(S) | 1 G Lj tf (W\E,End^)}, 
and we have the corresponding quotient 

(69) Bg ,p (W, E)(Al, . . . , An) = Af p / Q v 5 . 

The corresponding space of anti-self-dual connections is denoted 

(70) M? P (W, Z)(A U . . . , A n ) = { [A] G B»> P (W, E) | = }. 

The Lie algebra of Q P is Lf, S (Q 2 (W\T I ; Qe))- As usual, a ^-superscript will 
mean that we are talking only about the subspaces of irreducible connections. 

In fact, Q v is not the whole gauge group acting on A$' p . Instead, as usual 



in Floer theory ||F1|1 [jDFK] , one should consider the group 



(71) g P (W,Z)(Ai,...,A n ) = {geAut(E) \ V A <*g G L P 1>S (W\E, EndE)} 

In fact, Q P is a normal subgroup of Q p . Let Tj be the isotropy subgroup of the 
flat connection Ai, that is Tj = {±1} is Ai is irreducible and Tj = S* 1 if Ai is 
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abelian. Then, 

(72) g*/g* = Fx x • • ■ x r„. 

We can form 

B? p (W,X)(A 1 ,...,A n )=Af p /g p s 

~ct,p 



(73) 
and 
(74) 



= ^*/r 1 x...xr„ 

M«> P (W, S)(A l5 . . . , A n ) = { [A] G B$*(W, £) | F+ = } 

= jw?*/r 1 x-.-xr B . 

2. The translation-invariant case. 



Let (W, S) = (M, if) x K , vr : W -> M be the projection and let t be 
the axial coordinate. Consider an isolated flat connection A 6 jF a ' p (M, if) 
in nice form and pull it back to (W, £). This is going to serve as our model 
for the ends. In what follows, we assume that a sharp enough cone-angle 
has been chosen for the off-diagonal component of the mixed metric, so that 
proposition p.. 15] holds for a large range of Sobolev differentiability (determined 



by the integer £ in proposition |1.15|) . 



2.1. The Laplacians. Let and A^ fc be the twisted Laplacians on 
/c-forms formed with the mixed inner product on M and W respectively. Con- 
sidering separately the M— and R- components, the bundles of forms on W 
split naturally as 

(75) A k {W) n*A k {M) © 7r*A fc_1 (M). 

In those splittings, 

A W _ aM _ o2 



(76) K k =[ A \ 9 * A^-fi?)' 1 "^- 3 ' 



where we have identified A^f fc with its lifting to W. When A is acyclic, the 
operators A^f fc are invertible on L 2 and their spectra are positive. Strictly 
speaking, acyclicity means only the invertibility of A^ and A^ 1 , but A^f fc = 

Proposition 3.1. i/A is acyclic, the Laplacians Ajf fc : — > Lf_ 2 are 
invertible for + 2 < £ < £ . 
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Proof. The technique used here is similar to the one in ||LM]| . We will 
give the proof only for A^ , the other cases being entirely similar. Conjugate 
A^ by the Fourier transform in the axial direction. If r is the variable dual 
to t, one gets 

(77) A (r)=AX + r 2 , 

The operator A (r) is invertible on L 2 (M\K) for all rel, and the operator 
norm of L(r) = (A (r)) _1 : L 2 — > L 2 is uniformly bounded in r (by the inverse 
of the first eigenvalue of A^ f ). Therefore, A^ : L 2 — > I? is invertible, with 
inverse given by 

(78) (Gf)(t) = (^ k y\f)(t) = ^=j L(r)f(r)e^dr 

v 2n Jw 



The family L(t) = (Ao(r)) -1 , r G K, is an operator-valued Fourier multiplier. 
By a theorem of Mikhlin-Stein |Taylor| | , it maps L P (R, L 2 (M)) into itself 
provided 

(79) \\d T L(r)\\ < C(l + l^l)- 1 . 

But d T L{r) = — 2rL(r) 2 , and (|79]) is therefore obviously satisfied. Let p > 2. 
From what precedes, if / e L P {W\Y) C L P (R,L 2 (M)) and u = Gf, then 
u e L P (R,L 2 (M\K)). 

Consider the strips B n = [n — 1, n+1] xM and 5+ = (n — 2,n + 2)xM,n 6 
Z. By interior elliptic regularity (proposition |A.5| ), 



JO) 



l-klll,<^(ll/k + lll P + IH^II! 2 ) 

- ^(II/Ib^IIIp + IHi?+llLP(( n -2,„+2),L2(M^))) ' 



since Z7((n - 2,n + 2), L 2 (M\K)) C L 2 (£+). Summing (|80|) over all the 
integers nfZ yields 

( 81 ) - C (\\fW P LP(wp) + I^Hlp(r,Z2(mv^))) 

Therefore, A^ : L v 2 -^ L p is an isomorphism for p > 2. For p < 2 and other 
orders of differentiability, use elliptic regularity, duality and interpolation. □ 

Let L p kS {W) = e~ t5 L p k (W). The adjoint of dA in the weighted mixed inner 
product of L 2 is given by 

(82) d\ = e- 25t d A e 2St . 
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We also need a slice theorem in the weighted case. As usual, it will be obtained 
from the Laplacian. We now investigate the weighted Laplacians, given by 

(83) A% k>s = dftdA + d A <?£ : Ll s (n k (W\J:; g E )) - LUA^iW^- g E )). 

The operator A Ak s is similar to the following operator La,h,s acting on 
unweighted spaces: 

(84) L AA5 = e 5t Al^ s e- 5t : L\ -> l\ 
It is easily computed that 

AT, + 5 2 



2- 



->A,k,S — ^A,k 

f(A^ + 5 2 )-d 2 if* = 0, 



55) 



Af fc + 5 2 

o Aft^ + a 5 " 1 



' ' ,, Of if 1 < /•• < 3. 



Notice that the normal operator for the off-diagonal component of r 2 (A^ k +5 2 ) 
is the same as for r 2 A Ak . Therefore, all the previous analysis applies to 
^Ak + including elliptic regularity. 



Proposition 3.2. If A is irreducible, the operators fl83]) are invertible for 
all 6. If A is abelian, the operators (B3) are invertible for all 5^0, and also 
for 5 = if k = 2. 



Proof. We simply need to show that fl84|) is invertible. To do this pro- 
ceeds as in the proof of proposition pTT[ using (|85|). Note that the first terms 
of the RHS of ( j35|) are always positive, since the operators A Ak are positive 
if A is irreducible or k = 2, and 5 ^ if A is abelian and k ^ 2. □ 

2.2. The ASD operator. We will follow closely the technique of chang- 
ing the conformal structure from |[DS|| to study the ASD operator in the round 



metric. We first assume that the connection A is irreducible. The case of an 
abelian connection will have to be treated separately. 

Let fl + (g E ) be the space of g^-valued 2-forms whose diagonal component 
is self-dual in the round metric and whose off-diagonal component is self-dual 
in the cone-angle metric. Define the operator 

as the linearization of the ASD operator in the mixed metric. Similarly, define 
Q~ and d~ A . Proposition |3.1| implies that the operator 

(86) d\ + d\ : L\{^\W\L- q e )) - L p (n°(W\Z- g E )) © L p (n+(W\Z- g E )) 
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is invertible. Indeed, composing on the left and on the right with d A + d* A 
yields the invertible Laplacians. The operator (^) comes from rolling up the 
deformation complex for the ASD equation in the mixed metric. But what we 
would like to show is that the operator 

(87) 

D A = 4 + d\ : L\($l\W\L- BE )) - D>(pP(W\£; q e )) © L2>(Q+(W\£; q e )) 

is invertible (we are now working with the rolled-up version of the ASD defor- 
mation complex in the round metric for all the components of Qe)- 

First, let T A = ker d* A : L^Q 1 ) -> D>. Then, d\ : T A -> Z>(fi+) is an 
isomorphism. Let Q = (cf^) -1 : L P (Q + ) — > T A and let S = d A Q. 

Lemma 3.3. The operator S : L 2 (Q + ) — > L 2 (Q~) is an isometry. 

Proof. By density, it is enough to show that for u G C^iV^iW] Qe)), with 
the off-diagonal component of u supported away from S, we have Hcf^lli 2 = 
HoT^II^. Now, 



IM^Ilia — IMA^IIla = / (d A u A *d\u — d A u A *d A u) 

(88) 



tr (d A u A d A u) 
= 0, 

by integration by parts, since A is flat. □ 

LEMMA 3.4. The operator norm of S : L P (Q + ) — > L p {Vt~) tends to 1 as 
p^2. 



Proof. Combine lemma 3.3 with the Marzinkiewicz interpolation theorem 



|Taylor|| . □ 



Recall from section |1.2| that the change of conformal structure from the 



cone-angle to the round metric is encoded in a map \i : — > Let 
jl : VL~(qe) — ► Q + (Qe) be the map which is zero for the diagonal component 
of the q e and equal to \i on the off-diagonal component of g^. Then, the 
operator d A : T A — > Q + is equivalent to 

(89) d\ - fldj : T A ^ . 



Proposition 3.5. The operator (|87j ) is invertible for p close enough to 2. 



2. THE TRANSLATION-INVARIANT CASE. 39 



Proof. It is enough to show that (|8~9"D is invertible. Notice that (1 — jlS) : 
LP LP is invertible for p close enough to 2, by lemma [3.4| and the estimate 
(Ili) on \i. But an inverse for fl39|) is given by Q(l — flS) -1 (see |[KM]| ) and we 



are done. □ 

Consider now the wrapped-up operator with the weighted adjoint of d>A 
(90) 

D S A = d*i + d\ : L\^\W\L- g E )) -> L^ (^\£; g E )) © L p 0>s (n+(W\X; g E )) 

Proposition 3.6. Let A be an acyclic flat connection. Then, for \8\ small 
enough and p close enough to 2, the operator D 5 A defined by (|9~0|) is invertible. 

Proof. Since the set of invertible operators is open, this follows from 



proposition 3.5. □ 



We now assume that the connection A is abelian. In that case the problem 
splits globally: 

(91) 

d* s + d + on the diagonal component of g E , 
d*2a + dta on the off-diagonal component of g E , 



D S A = eft 4 + d] 



where d2 a is the exterior covariant derivative associated to the abelian connec- 
tion with meridinal holonomy equal to e~ Alna . 

Lemma 3.7. The operator 

<f + d + : %j(W) - L? 5 {W) 

is invertible for \8\ ^ and small enough. 



Proof. This follows from the standard techniques of |[LM||, see |F1]. □ 



Lemma 3.8. The operator 

dZ + dt a -.Wl tS {W\Y)^LP 5 {W\Y) 
is invertible for \5\ small enough and p close enough to 2. 



Proof. Proceeding as in the proof of proposition |3.1| , we can show that 
^2ak (the off-diagonal component of A^ fc ) is invertible. Indeed, A^ fc is in- 
vertible, and thus positive, because identifications similar to the ones obtained 



in the proof of proposition |2.10| hold. Therefore, 

dl a + dt:Wl{W\Y) ^ LV{W\Z) 
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is invertible. Mimicking the proofs of lemmata |3.3| , |3.4| and proposition p75 
shows that 

dL + 4« : W?{W\Z) - LP{W\L) 
is invertible. The lemma follows by the perturbation argument of proposition 
p|. □ 

Combining lemmata [T7| and |3]8|, we get 



Proposition 3.9. Let A be the abelian connection. For \8\ ^ small 
enough and p close enough to 2, the operator 

(92) D 5 A = d} + 4 : Ll s (W\Z) -> L P 0>5 (W\Z) 
is invertible. 

3. Global theory. 

We are now going back to the general set-up described in section [l]. 

3.1. The slice theorem. Let 

(93) d% = w]d%wf : nHW\E; g E ) -> fi°(l^\S; g E ). 
be the weighted adjoint of d^a in the mixed inner product and let 

(94) A£ i(W = ^ Q ^ Q 
be the corresponding Laplacian on sections of Qe- 

Proposition 3.10. Assume 5j ^ if Aj is abelian. Then, the operator 

is Fredholm and self-adjoint. 

Proof. The proof is the same as before, gluing local parametrices on the 
compact part of W and on the cylindrical ends. Parametrices on the compact 
part can be obtained as in chapter |2] because the normal operator for the off- 
diagonal component of r 2 A^ a s is the same as in the unweighted case. Local 



inverses on the ends were obtained in proposition 3.2. Self-adjointness follows 



from elliptic regularity. □ 

Let us now consider a general singular connection A = A a + a G A$ ,p . Let 

(95) Aa : L% -> I% s 

be the Laplacian on sections associated to A in the mixed metric. 

Proposition 3.11. Assume that \S\ is small enough, with 5j ^ if Aj 
is abelian. Then, for p close enough to 2, the operator (p5|) is Fredholm and 
self-adjoint. 
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Proof. Starting from proposition |3.10| , the standard perturbation argu- 
ment of [[Tl|| based on the the openness of the space of Fredholm operators 
can be applied. □ 



The proof of the following goes as before. 

Corollary 3.12. With 5 as in proposition \3.1(\ the space (B\ 



is a 

smooth Hausdorff Banach manifold. A slice for the action of Q\ at A e A^' p 
is given by kerd* A . 

Combined with (fT3"D, we get 

Corollary 3.13. With 5 as m proposition \3.1(\ the space {Bf p )* is a 
smooth Hausdorff Banach manifold. 

3.2. The deformation complex and the moduli spaces of ASD 
connections. As usual the deformation complex for M a,p is 

(96) 

-> Ll s (W\E; SE ) L P hS (Q\W\^ g E )) A L*,(fi+(W\E; Se )) -> 0. 

In view of corollary |3.12| , the deformation complex can be wrapped up into 
the operator 

(97) D S A = d*' + d\ : L% - L% >5 

We first examine the operator ( p7|) for the background connection A a . 

Proposition 3.14. For p close enough to 2, \5j\ small enough and 5j ^ 
if Aj is abelian, the operator 

(98) D s Aa = d% + d\ a : Ll s (W\Z) - Ll iS (W\X) 
is Fredholm. 

Proof. In the usual way, one can glue local parametrices for (^) obtained 
on the compact part of W by proposition |1.10| and on the cylindrical ends by 



propositions [3.6| and |3.9| to get a right parametrix for D Aa . This shows that 
D 5 A a has a closed range of finite codimension. A right parametrix for the 
adjoint of (pHj) can be obtained by duality from the local parametrices. It 



follows that ker D s Aa is finite-dimensional. □ 
The general case follows as in the proof of proposition |3.11 



Proposition 3.15. Forp and S as in proposition \3. 1$ , the operator 
is Fredholm. 

We now have all the ingredients to analyze the moduli spaces of singular 
ASD connections on (W, S). 
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Proposition 3.16. Let U be a precompact open set ofW\H. Then, for a 
generic metric perturbation on U , the moduli space (Mg ,p )*(W, E) is a smooth 
finite dimensional manifold, whose dimension is given by the index of D s Aa . 



Proposition |3.18| will show that the index of D Aa doesn't depend on p or 
5, when p is close enough to 2 and the Sj > are small enough, with strict 
inequality if A, is abelian. 

PROOF. The only point worth commenting on is the smoothness of the 
moduli space. By duality, 

coker d A = {lu 6 L q _ S (Q + ) | g?a^ = d* A cu = 0}, 

which shows that the elements in the cokernel of d\ are harmonic forms uj. So, 
by Aronszajn's theorem, u vanish on an open set, unless u = 0. Therefore, 
the usual line of argument from ||FU|| or [DK| carries through. □ 



Combining proposition |3.16| with fl74|), we get 



Theorem 3.17. Let U be a precompact open set ofW\L. Then, for a 
generic metric perturbation on U, the moduli space (M$ ,P )*(W, E) of irre- 
ducible singular ASD connections is a smooth finite dimensional manifold, 
whose dimension is given by the index of D Aa , decreased by the number of 
abelian limiting connections. 

4. Some index formulae. 

In this section, we first prove the invariance of the index of D Aa in p and 
5, and thus that the moduli spaces of ASD connections have a well-defined di- 
mension. After that, we show how the index changes when two ends are glued 
together, or when one applies a gauge transformation to a limiting connection 
on some end. Those results lead to defining for singular connections an ana- 
logue to Floer's grading function. This grading function exhibits a periodicity 



of 4, instead of 8 in the non-singular case [Fl 



4.1. Invariance of the index. The first point that we would like to 
address is the invariance of the index of D 5 Aa = d* A s a + d Aa . 

Proposition 3.18. For p close enough to 2 and \S\ small enough, with 
5j 7^ if Aj is abelian, the index of 

(99) 

D S M = d% + d\ a : L P hS (Q l {W\E; g E )) - P(n (W\Z; g E )) © L^ + (jy\E; g E )) 

is independent of p. It is also independent of 5 unless some limiting connection 
Aj is abelian and the sign of 5j changes. 
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We will determine later how the index changes when the weight corre- 
sponding to an abelian connection changes sign. 

Proof. In fact, d* A 5 a + d Aa is nomotopic to d* Aa + d\ a through Fredholm 
operators by progressively changing the metric from the cone-angle - to the 
round metric on the off-diagonal component of g E . This is similar to an ar- 
gument of ||KM|| . Therefore, we simply need to study the index of d* A s a + d Aa . 



By continuity, we can assume that Sj = if Aj is irreducible. 

Composing d* Aa + d Aa with its adjoint on the left, we have that ker(d* Aa + 
d Aa ) C ker Aa«,i. Let p' ^ p. Elliptic regularity shows that if u e ker Aa,i n 
Li(W\Ti), then u is in L\ on the compact part of W and on all the strips 
B n — [n— 1, n+ 1] x Mj, n = 1, 2, . . . On each end Mj x M + , A A a A is given by 
whence an eigenvalue decomposition shows that u decays exponentially. 
Therefore u e L{{W\L). 

By duality the cokernel of d\ a + d\ a is the kernel of 
(100) 

d A a + d\ a : L\<D°(W\^ g E )) © Z«(fi + (^\S; g E )) - L^tt 1 (W \Z; g E )). 
Composing ( |100| ) with its adjoint on the left, the cokernel is in the kernel of 

(101) ( A ^<° ^ a) *) :L«(SP(W\E; SE ))®L«(tf(W\E-, BE )) 

— > l q _ 2 (Vi\W\L- g E )) © L%(fi+(^\S; g E )). 

The off-diagonal operators of ( |101| ) are smooth zeroth order multiplication op- 
erators, by construction of A 01 . Therefore, all the elliptic regularity arguments 
applied before carry through for the compact part of W and the strips B n . 
Moreover, these off-diagonal components also vanish on the cylindrical ends 
since A a is flat there. Hence, the exponential decay argument just described 
can also be applied. Therefore the cokernel of d* Aa + d\ a is also independent 
of p. 

When Aj is abelian, (|99|) splits as in (|91|). The off-diagonal component 
can be homotoped until the weight corresponds to 5 = and we can reason 
as above. For the diagonal component, we can use for instance the standard 
theory of ||LM]| to show that the kernel and cokernel don't depend on p and 
can jump only when 5 = 0. It is also possible to adapt the argument given 
above. □ 



In view of proposition 3.18 , we can define the index of an adapted bundle 
pair to be the index of D Aa when all the weights Sj are small positive numbers. 
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4.2. Index additivity. We are now studying the problem of gluing cylin- 
drical ends. Let (E, L) (W, E) be an adapted bundle with background 
connection A a over a manifold with cylindrical ends which is not necessarily 
connected. Assume that W has an end modelled on (M, K) x M + and another 
end modelled on (M, K) x IR+, where (M, K) is diffeomorphic to (M, K), but 
has the opposite orientations. Let T > 0. We can then form a new man- 
ifold (W^EjO by cutting off the ends at (M, A) x {T} and (M, A") x {T} 
respectively and gluing (M, A) x {T} and (M, A) x {T} together. Assume 
that the flat connections on the two ends agree and denote that common lim- 
iting flat connection by Am- We can then form a new adapted bundle pair 
{E{,l} T ) -> (Wj.,E50, with background connection (A£) fl . Let (£>£)« be the 
operator fl98|) associated to (-Ay)"- The index of the bundle pairs (Ej,, l) T ) and 
(A, L) are related as follows : 

Theorem 3.19. If Am is irreducible, then ind(E,L) = ind{Ej,,l) T ). If 
Am is abelian, then ind{Ej,,U T ) = ind (E,L) — 1. 

Proof. For the ease of exposition, identify (M, K) xM + with (M, K) xR~. 
Let t be the axial coordinate. Let Bm be the operator 

(102) 

B M = ( ° ^f" 1 : tt°(M\K) © n\M\K) -> fi°(M\A) © n\M\K) 

\CLA M * a A M J 

Let us first examine the case when is irreducible. In that case, we can 
assume that 5m, the weight corresponding to the two ends in question, is zero. 
Then, making the usual identifications on both ends, D s Aa looks like 



(103) D 5 Aa =d t + B 



M- 



The proof is then perfectly standard |DFK|. We recall the main steps. First 



after stabilization, we can assume that D^a is surjective. For T large enough, 
we can then construct an approximate right inverse to Dj,, showing that it 
is also surjective. Finally, using well-chosen cut-off functions and the approx- 
imate right inverse, it is possible to construct two approximately isometric 
injections ker D% J ker D A „ and ker D A . - ker D% . 

This proof doesn't work when Am is abelian, because we cannot take 5m 
to be zero. Instead 5m must be a small positive number. It follows that the 



identification (|103 ) doesn't hold over the ends. Over one end, 



(101) D 5 Aa = Q ) + d t + B M , 
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while over the other end, 

(105) D 5 Aa =H M ty+dt + Bu- 

So we need to introduce a bridge (M, K) x R between the two ends and to 
compute the index of the operator 

(!06) d -(Sm,s m ) . p . £p 

which agrees with (|104|) over M x (— oo, —1) and with ( |105| ) over M x (1, oo). 
As usual the operator ( |106| ) splits globally between on- and off-diagonal com- 



ponents, as in (|9l|). The off-diagonal component can be homotoped until 



5m = 0, showing that its index is zero. The theory of ||LM|| shows that the 



index of the diagonal part is —1. Hence, the index of the bridge operator is 
— 1. We can then apply twice the proof sketched in the irreducible case to 
obtain the index formula. □ 



4.3. A change of gauge formula. From theorem |3.19| , we can also de- 
duce a change of gauge formula. 

Theorem 3.20. Let (W, S) be a manifold with cylindrical ends, one of the 
ends being (M, K) x R + . Let A a be a background connection for an adapted 
bundle over (W, £), the limiting connection on (M,K) being denoted A M . Let 
g be a gauge transformation in Q(M,K). Lift g to (M,K) x R + and extend 
it to a gauge transformation g on (W, £), arranging that g be the identity on 
the other ends. Then g*A a is a new background connection, and 

(107) indD~» Aa = indD s Aa + 8 degg — 4 degg\x- 



Proof. In view of theorem |3.19| , it is enough to prove the special case 
where (W, E) = (M, K) x R and A a = Am- To prove that case, we apply 
theorem |3.19| again, gluing the two ends of the cylinder to obtain a pair of 
compact manifolds diffeomorphic to (M x S l ,K x S 1 ). The characteristic 
numbers of the bundle pair obtained by gluing with the gauge transformation 
g are given by 

k = degg, £ = -degg\ K . 

Therefore, ( p.07| ) follows from formula (0) giving the index of D A a in the com- 



pact case. □ 

4.4. The grading function. Let us go back to the special of the cylinder 
(M, K) x R. For A,B two isolated flat connections on (M,K), consider the 
adapted bundle pair (E, L) over (M, K) x R, with A as the limiting connection 
at — oo and B as the limiting connection at +oo. Let jl(A, B) be the formal 
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dimension of the correponding moduli space of ASD singular connections, that 
is 

fi(A, B) = ind(E, L) — dimT^ — dimT^, 

where V a and Tb are the isotropy subgroups of A and B respectively. Theorem 
|3.19| can be rephrased as 

(108) fl{A, C) = fl(A, B) + fl(B, C) + dim T B , 

which has the same form as the well-known addition formula for the spectral 
flow in Floer homology It follows from ( |108| ) that 

(109) fl(A, A) = — dimrU. 

If O is a representative of the abelian connection, we can define a grading 
function 

(110) ft{A) = /2(9, A) + dim T A . 
It follows from ([109|) and ( M that 

fl(G) = 

and 

jl(A, B) = fl(B) - fj,(A) - dimr B . 
To obtain the Z/4 grading function, we just need to observe that theorem |3.2C 
can be rephrased as 

(111) fr(g*A) = fi(A) + 8degg-4degg\ K 

if g is a gauge transfomation on (M,K). In view of (|111|) , when dividing by 
the action of the gauge group, we obtain a Z/4 grading function \i : T a — > Z/4 
by 

fi([A]) = p,(A)modA. 

The previous discussion shows that this function displays the properties of a 
spectral flow. 



Loose ends and speculations. 



In this afterword, we discuss a number of points which should be addressed 
in order to complete the program of developing a Floer homology for singu- 
lar connections. The main missing element is an analysis of the ends of the 
moduli spaces of singular ASD connections on the cylinder. Based on theorem 



3.19, it is possible to prove a gluing theorem for suitable families of singu- 



lar ASD connections, just as in the usual case JDFK]]. It is also possible to 



prove that one obtains in that way local diffeomorphisms between the corre- 
sponding moduli spaces. However, there are a couple of technical obstacles to 
proving that the ends of the moduli spaces are as one would expect them to 
be. One of those obstacles is that we don't have uniform decay estimates for 
singular ASD connections on the cylinder. The problem comes indeed from 
the fact that we couldn't prove enough regularity for singular ASD connec- 
tions. The other obstacle comes from the perturbations. In order to get the 
usual cusp-trajectory picture for Uhlenbeck compactness in Floer homology, 
one needs to have smooth moduli spaces for a translation-invariant equation 
on the cylinder. Perturbing the metric as in theorem [3.17| cannot always be 
done in a translation-invariant way. Instead, one needs to consider holonomy 
perturbations. The proof of smoothness of the moduli spaces of perturbed 
ASD connections relies on a gauge-theoretic version of Aronszajn's unique 
continuation theorem for the Cauchy problem, as proved in ||T3|| . We couldn't 



adapt the proof given there, mainly again because of the lack of regularity of 
the singular ASD connections. Another problem arising from perturbations is 
that we couldn't show the invertibility of the operator Da defined in (^) in 
the translation-invariant case (the model case on the ends) if A is a perturbed 
flat connection. More precisely, the problem comes from lemma |3.3| , which 
doesn't hold if A is not flat. Therefore, the conformal structure for the off- 
diagonal component cannot be changed back to the round metric. However, it 
is possible that the operator Da could be analyzed by a generalization of edge 
theory to manifolds with corners, using a hyperbolic metric on the off-diagonal 
component as in |R1 . 



We should mention that in his thesis fCj , Olivier Collin developed an in- 
stanton Floer homology for three-manifolds with an orbifold singularity along 
a knot. Our theory would likely be equivalent to his for a rational value of 
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the holonomy parameter a. The advantage of ours is that it would allow 
to interpolate between different rational values of a, possibly proving with 
a cobordism argument that the Floer homology is invariant in a as long as 
no square root of the Alexander polynomial is crossed. It seems likely that 
the Euler characteristc of the Floer homology in question would be Herald's 
Casson invariant for knots |He2| . Li [O] has a symplectic Floer homology for 



knots correponding to rational values of a. We can formulate a conjecture a la 
Atiyah-Floer stating that Li's theory should be isomorphic to Collin's and/or 
ours. 

We would like to conclude by suggesting a possible application of the theory 
to obtain bounds on the unknotting number of a knot. The unknotting number 
is the minimal number of crossing changes to apply to a planar projection of 
a knot in order to obtain the unknot. Crossing changes can be performes by 
a ±1 surgery on a small trivial knot linking the crossing. Floer |[F2|| studied 
the effect of surgery on his homology and encoded it in an exact triangle (see 
BD | for details). If his techniques can be adapted to singular connections, the 



singular Floer homology might provide information on the unknotting number. 



APPENDIX A 



Elliptic edge operators in a nutshell. 



This appendix contains a summary of the theory of elliptic edge operators, 
as developed in | |Ma |. It also corrects a few misprints from that paper, and 



contains a proof of the key fact (proposition |A.3|) necessary to extend the 
theory to LP spaces for p ^ 2. The last section develops elliptic estimates for 
operators which become elliptic edge only after some alteration. It is this kind 
of operators which appear in the body of the thesis. 

Let M be a Riemannian compact manifold with boundary dM. Assume 
that dM is the total space of a locally trivial fibration 

F — ► dM 

i 
B 



with fibre F and base space B. The algebra of edge differential operators is 
defined as the algebra of operators generated over C°°(M) by the space V e 
of smooth vector fields on M which are tangent to the fibres of dM. More 
concretely, let x be a defining function for dM, y be local coordinates on B 
lifted to dM and z be local coordinates along the fibers of dM. Extend y and 
z locally to the interior of M. Then a differential operator L of order m is edge 
if, locally near dM, it takes the form 

L = $Z a i, a A x ^y^ z )i. xd xY{xd y ) a d^ 

j+\a\ + \P\<m 

where the smooth functions, possibly matrix-valued when dealing 

with operators on sections of vector bundles. The operator L is said to be 
elliptic if its edge principal symbol 

e a m (L)(x,y,z)(^r],C) = a jta , p (x,y,z)(0{irj) a (iQY 

i+|a|+|j8| = m 

is elliptic, i.e. e a m (L)(x, y, T), £) is invertible for (£, rj, £) ^ 0. 

To an edge operator, we can associate a family of indicial operators, parametrized 
by y G B, and defined over F y x R + . The family is given in local coordinates 
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by 

(A.l) I(L) = HoA Q >V>z)W d z P , 

j+\P\<m 

where s G (0, +00) is the R + coordinate. We can associate to the family 
of indicial operators, its indicial family (basically its conjugate by the Mellin 
transform in the s-direction), parametrized by {(,y) G C x B, and defined 
over F y 

(A.2) I C (L) = HoA^V^)C j d z P . 

j+\P\<m 

Notice that I^(L) is elliptic on F y if L is elliptic. The boundary spectrum of 
L is defined as 

specb(L) = {( G C I I{(L) is not invertible on L 2 (F y ) for some y G B}. 

In the cases studied in this thesis, all the operators in the indicial family 
are similar; therefore, speCb(L) forms a discrete set in C , with 9ft£ — > 00 if 
S£ — > 00. We also define $t,specb(L) to be the discrete subset of R obtained 



by the projection of specb(L) on the real axis. From the theory in |[Me| , it 
follows that I(L) is invertible on s s L 2 (F y x R+) iff 5 $ $lspec b {L) + 1/2. 

There is another family of operators associated to an edge operator, the 
family of normal operators N(L). It is parametrized by y G B and is defined 
over F y x R + x I', where k = dimi?. 

(A.3) N(L) = Yl H«AU,y,z){sd s ) j {sdu) a d?, 

j+\a\ + \P\<m 

where s is the coordinate on M + , u denotes the coordinates on and y is 
just the parameter in B. Again, in our cases, all the normal operators are 
similar. Using the homogeneity properties of N(L) in (s,u), the invertibility 
properties of N(L) follow from the invertibility properties of what is essentially 
its conjugation by the Fourier transform in the u variables, 

(A.4) N{L) = a j>a Az)(sd s y(isfjTdP, 

j+\a\ + \P\<m 

where fj is a parameter in S k ~ l , the unit sphere in In our cases, N(L) will 
be isotropic in u G M. h , so that it is enough to consider the case fj = (1, 0, . . . , 0), 
which yields a Bessel-type operator 

(A.5) L = Yl a j,<*Az)(tdt) j (it) ai dP. 

j+\a\ + \P\<m 

The operator L is Fredholm over t 5 L 2 (F x R + ) if 8 £ $lspec b (L) + 1/2. 
Moreover, its kernel and cokernel don't change unless 5 crosses an element of 
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dtspeCb(L) + 1/2. Therefore, there is a (possibly empty) maximal interval 
(6,5) sothatL isinvertibleont 5 L 2 (F x E+) for 5 G (5,5), 5 £ $lspec b (L) + 
|. Note that 5,5 G 3tepec 6 (L) + \. 

Before we talk about spaces of pseudodifferential operators on M, we need 
to introduce the notion of asymptotic development. Let E be a discrete subset 
of C such that 5fc — > oo if — > oo , z G -E. We call i? an index set and set 

ME = inf{3fb, z G E}. 

Let X be a manifold with boundary dX and p a defining function for <9X. 
Then a function -u G Ap hg (X) if it admits a polyhomogeneous expansion given 
In /•; at dX: 

(A.6) u ~ ^ 2p z (logP) P «,, P > a,, p G L7°°(X) 

z £ E, p=0 
JJz -•» oo 

and Jiz — > cxd if — > oo. This means that for all A/" > 0, there is some M so 
that 

P=Pz 

zeE. p=o 
%tz<M 

vanishes to order N at dX. The definition extends easily to sections of bun- 
dles. For manifolds with corners, one chooses an index set for each face of 
codimension one, and iterates (|A.6| ), see ||Me| . 



Operators on M have their kernels defined on the manifold with corners 
M 2 = M x M. However, the analysis is facilitated when those kernels are 
lifted to another manifold with corners M 2 , obtained by blowing up a certain 
submanifold of the corner of M 2 (again, see ||Ma|| for details). M 2 has three 



codimension one faces, denoted M 10 , the left face, M m , the right face, and M u , 
the front face. The diagonal A of M 2 lifts as A e to M 2 , where it intersects Mu 
transversely. There are three basic spaces of edge pseudodifferential operators 
on M : 

1. \&™(M), where m G Z. These are the operators of order m in the 
small calculus. Their kernels, considered on M 2 , are smooth away from 
A e and vanish to infinite order at M 10 and M m . They have a certain 
conormal singularity along A e (see [[Ma|| for the exact description). The 



kernel of an edge differential operator L of order m is supported on A e 
and therefore, L G 

2. ^~°°' £ (M), where 8 = (E w , E u , E 01 ) is a triplet of index sets. The 
kernels of the operators in this space are given by functions which are 
smooth on the interior of M 2 , with asymptotic developments at the face 
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corresponding to the index set E^. We can then define 

V™' £ {M) = q;°°' £ {M) + *™(M). 

3. ty~°°> £ (M ), where £ = (E w ,E i). The operators in this space are the 
very residual terms of the calculus and have smooth kernels on the 
interior of M 2 , with asymptotic expansions at the left (right) face of M 2 
given by E 10 (E i). This allows us to define 

m m < £ (M) = m™' £ (M) + ^-°°' £ (M). 



For the composition properties of those spaces of operators, see |[Ma . 

We now define the Sobolev spaces on which those operators act: 

x s W£' k (M) ={ue L p (M) | u = x s v, V x . . . V k v G L P (M) } V { G V e (M)}. 

If k is not a positive integer, the definition is obtained by duality and interpola- 
tion. The extension to sections of vector bundles is straightforward, using local 
trivializations. The dual of x 6 W%> k (M) is identified with x~ s W^ I_fc (M), - + 

- = 1, under the L 2 inner product. We also define x s H^ = x s W 2,k . Now, a 
rescaling argument, as presented in ||Ma]| , shows that 



1. Operators in ^™ map x s W p,h to x s W p,k ~ m . In particular, this is true 
for edge differential operators of order m. 

2. The corresponding statements of elliptic regularity hold for an elliptic 
edge operator L of order m, i.e. if u, Lu G x s W£ ,k , then u G x s W p ' k+m , 
with the estimate: 

(A.7) INI^w?'*^™ - C ll-^llx«w|''* + ll' u IL*w| , ' fe - 

Now, we denote by L l the formal adjoint of L under the L 2 inner product, 
and by L* = x 2<s L*a; _2<5 the adjoint in x s L 2 . The boundary spectra of L l and 
L* can be computed to be 

spec b (L l ) ={-C-l | C e spec b (L)} 

spec b (L*) = {-C + 25 - 1 | C G spec b (L)}. 



This is [ |Ma| , formula (4.16)] where a sign mistake has been corrected and the 
conjugations have been restored. 

We are now ready to state the main result regarding elliptic edge operators 
( |pVLa| , theorem (4.20)] (note that we corrected a mistake regarding the index 
sets F 10 and -F i): 

THEOREM A.l. Let L be an elliptic differential edge operator of order m 
with constant indicial roots and isotropic normal operator. Let 5 G (5,5), 
5 ^ftspecb(L) + 1/2, with 5 ,5 defined from L as described above. Then 
the map 

L : x s Hi -> x s H e ~ m 
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is Fredholm. Denote by Pi and Pi the orthogonal projectors in x 5 L 2 onto the 
kernel and cokernel of L. There is a generalized inverse G for L, satisfying 

(A.9) GL = I- Pi, LG = I-P 2 

as operators on x s H^, for any leR. We have 

G e y- rn > H , 

where 

inf E 10 = inf (JR,speCb(L) PI (5 — ~, 00)), 
inf P01 = inf E\q — 25 , 
inf F10 = inf (JRspec b (L*) n (5 - ~, 00)), 
(A. 10) infFoi =infFi -25, 

inf H w = minjinf E w , inf F w }, 
inf Hqi = min{inf Eqi, inf P01}, 
infifii =0. 



T/ie maps 



8 Tj£+m 



G : x°Hl^x 6 H e 



e 

5 t2 



Pi : x d H e e ^x 6 H s e 



are bounded for every £, s e K. Moreover, if u 6 x L and Lw = ; i/iera « zs 
polyhomogeneous with u G ■ 

In order to obtain a good L p theory, p 7^ 2, we need the following fact : 
Proposition A. 2. With notations as in theorem pO| ; /et 5' 6e sttc/i that 

(A.ll) infPT 10 ><5' --, inf # i +8' > — , 

P 9 

with — I — = 1. T/ien t/ie generalized inverse 
V q 

G : x 5 V e p ' fc -> x s 'W*' k+m 
is well-defined and bounded and the equations ( |A.9| ) stiZZ hold. 

Remark that in the statement of proposition A. 2 , the operators G, P\ and 
P2 and the index sets H w ,H i are the ones constructed with the weight x 5 , 
not with the weight x s . We need to be able to change exponents that way 
in the thesis. Proposition A. 2 follows easily from the mapping properties of 
operators in the small calculus between LP spaces obtained by rescaling, 
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as explained above, and the following extension of [|Ma| , Theorem (3.25)], as 
suggested there. 

Proposition A. 3. Let A e ^j- 00 ^ for some collection of index sets £. 
Then 

A : x s WP' e -> x s 'WP' s 
is bounded for any s, I G R •provided 



(A.12) inf E 10 > 6'- -, inf E Q1 + 5 > — . 



5 + inf E u > 5'. 



Proof. As in [Ma], to which we refer for notations, it is enough to con- 
sider the case of operators acting on half-densities and we can reduce to the 
case where s = I = and 5 = 5' = 0. Hence, all we need to show is the 
estimate 



(A.13) 



| (Au, v) | < C||u||p||v| 



This is straightforward if A is very residual. Therefore, we can assume that 
A G ^~ co ' £ and consider its kernel ka lifted to M|. The left hand side of 
( |A.13| ) becomes 



(A.14) 



where v 2 is a non- vanishing density on M 2 , and the subscripts R and L indicate 
that u and v have been lifted from the right and from the left, respectively 
(note there is a typo in the proof of [|Ma|| , the subscripts R and L having been 
interchanged). If we denote by pio and poi defining functions for the left and 
right faces of M 2 , then ( |A.14| ) can be estimated as follows: 



M \ U R\ \ v l\ v 



\k>a\ \u R \(poi/pw) p+q \v L \(pio/poi) p+q 



< 



|«a| |mr| p (Poi/Pio) 9 v 1 



using Holder's inequality, 



\^a\ M p PioVoi p lR de 



\ka\ \vh\ q {pw/ Pm) v 



M \v\ q p w q pm lldQ 



using [|Ma| , equation (3.21)] (7 is a non-vanishing half-density on M and d6 is 
a non- vanishing density on M n ), 



< C \\ U \\p \\ V \\qi 



by Fubini's theorem, given the asymptotics ( |A.12| ) of the kernel ka- 



□ 
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It often happens, as in this thesis, that the operators studied become edge 
only after multplying by some power of x. For simplicity, let's assume we have 
a second order operator A over the manifold M, such that L = x 2 A is elliptic 
edge. In that case, the usual statement of elliptic regularity for elliptic edge 
operators ( |A.7| ) is not completely satisfactory. Indeed, 



A 



x 



x 5 H k 



(A.15) 

is bounded. Therefore, what we would like is a statement of elliptic regularity 
that would for instance read as follows : if u, v G x s H k and Au = v, then 
u G x s+2 H k+2 , with the corresponding estimates. However, what we have in 
terms of the operator L is 

u G x 5 H k and Lu = x 2 v G x 5+2 H k C x s H k , 



and therefore, it can only be concluded from (|A.7| ) that u G x 5 H k+2 . Still, as 
we shall see, it is possible to raise the power of x from 5 to 5 + 2 as desired if 
there is some elbow room in the distribution of the indicial roots of L. 



Proposition A. 4. Let 5 satisfy the hypotheses of theorem \A.1\ for L 
x 2 A. With the notations of theorem A.\ assume 5' is such that 



(A.16) 

Ifu G x 5 'WP>' 
(A.17) 



inf H w >5' + 2 



mfH 01 + 2 + 5' > — 



1 

P 1 

■j = Au G x s 'WP' k , then u G x s ' +2 W^ k+2 and 

\u\\ xS , + 2 Wi ,k+2 < C ( HAuH^w,* + IMU'w^)- 



x 2 v G x 5 ' +2 W^' k . We apply G, the generalized inverse 



Proof. Let w 

for L corresponding to the weight 5, to both sides of the equality Lu 
proposition |A.2j , Gw G x 5 +2 W^ k+2 . Moreover, we have from ( |A.9| ), 

(A. 18) u = Gw-P lU 



w. By 



By proposition [A.3| , P\u G x 5 ' +2 W^ ,k+2 . So the proposition, including ( |A.17| ), 
follows from (|A~Tg|). □ 



From ( |A.10|) and (|A.8| ), the inequalities (|A.16| ) can be seen to be equivalent 
to saying that there is no indicial root of L whose real parts falls between 5 
and max{2<5 — 5' — 2 — -,S' + 2 — i}, nor between S — | and min{2<5 — 5' — 
-, 5' + 1 + - }. This is what we meant by elbow room in the distribution of the 



_ i 

2 

3 + 



v 1 i 
indicial roots of L. 



The only thing which is really used in the proof of proposition |A.4j is 
the equality ( |A.18| ), as well as the mapping properties of G and Pi, which, 
according to propositions ~K?2 and |A.3j , depend exclusively on the distribution 
of the indicial roots of L around 5 — |. It is therefore possible to obtain other 



statements of elliptic regularity by the same kind of reasoning. For instance, 
we will need in the thesis: 



Proposition A.5. LetVt cc V be open subsets ofM. Ifu e x s Hj(V) , Au e 
x 5 'WP' k (V), then u e x 5 ' +2 WP' k+2 (Q), with the estimate 

(A.19) \\ u \\ x s'+2 W i- k+2 (n) - C (W Au WxS'wi> k (v) + IMU'^Oo) > 

provided the elements of ?R,specb(r 2 A) are located far enough from 5 — \ . 

We don't give the precise condition on the indicial roots here, since it is not 
needed in the thesis. In fact, what is shown there is that it is always possible 
to create as much elbow room as desired by altering A. This proposition is 
really new only when Q fl DM ^ 0; otherwise, it's just a well-known form of 
interior elliptic regularity. 



Proof. The proof proceeds as in proposition |A.4| , using cut-off functions 
equal to 1 on Q and supported on V, as in one of the usual proofs of interior 
elliptic regularity. □ 
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